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Quantum Error Correction (QEC)

QEC code: selecting an appropriate subspace of some larger Hilbert space called code subspace that has
The same dimension as system

Encoding:
|¢> — Z Ai |’1,> € Hsystem — |¢>C — Z Ai |7’>C € Hc
0 0
Each code can correct a specific set of errors E={F1,FEs,.. . E,}
2-step error correcting procedure: 1. Error detection

2. Recovery



Quantum Error Correction (QEC)

Example: 1 to 3 qubits encoding

0) — 10)¢ = 1000 1) — 1) = [111)

Heode = span{|000) , [111)}

) = a|0) + b|1) — 5 4)e = a|000) + b|111)

Set of the errors: E={X1, X2, X3}



Quantum Error Correction (QEC)

Example: 1 to 3 qubits encoding

{|¢>C’X1 |¢>C7X2|¢>C7X3|¢>C} « C

Vg | X1V | Xo|) g | X3|¥) g

IAVA: 1 -1 -1 1

IAVA 1 -1 1 -1




Quantum Channel

A L(?—t) S L(H) Completely positive and trace preserving

Kraus Representation:

E(p) = Z AipAl Z ATA, =1

Model Environment :

ela] = Bty (U( ® aen)UT)



General theory of QEC

Noise model: qguantum channel with Kraus operators correspond with the set of errors

Error correction via Recovery channel: Ro&(p) =p Yp= PpP

Example: 1 to 3 qubits encoding

E(p) = qop + Z ¢ XipX; Z gi =1

R(p) =Fy p Py + ZXsz B P



Operator Algebra QEC

In the Heisenberg Picture:
Tr(p€*(0)) = Tr(E(p)O)  Yp,O
The conservation of the states via the Recovery channel implies:

P(R &) (Q )P =PE"a R{O)P = POP, YO € §

Operator Algebra QEC!



Petz theorem

Relative Entropy:
S(pllo) = tr(plogp — plogo)

Reversibility:

IR = S(pllo) = S(E(p)||E(a))

Petz Recovery Channel:

R() = Pog(.) = /26" (E(0)/2()E(0)1/?)0'/?






Bulk Reconstruction

_ )
AdSi 1
O<t7 Q) — Iimp—)ﬂ/lequs(ta P Q)
O(x,t) ¢ A (X)
CFT g
= o




HKLL procedure

~ N
S— ]
Ad5d+1
= Fields obey the bulk E.0.M
= Extrapolate Dictionary O(x,t)® o (X)
CFT,
— N
S I
d(X) & Pk (X) = dtdx K(X|x, t) O(x,t)

bdy



HKLL procedure

— N
b B
Ad5d+1
O(x, t) @ ¢(X)
CFT,
— N
SN— -
L(Hpuir)

VHkLL . Cﬁ)(ﬁ) — VHKLLG&(:‘E)VI}KLL = (I)CFT(-CE)

E(HCFT)



AdS-Rindler Reconstruction
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AdS-Rindler Reconstruction

7

\\A
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.

ndler

)

P11 Rindler(X) = pr d*ly dr K(Xly,T) O(y, )






3 Qutrit Code!

~ |

0) = 7= (1000) +[111) +|222)

~ |

1) = ﬁ( 012) +|120) +[201))

~ |

2) = = ([021) +102) + |210)

(W) =Un(|y)1 ®|x)23) %)= \/—(|00>+|11>+I22>)

|00) — [00) |11) —|20) [22) — |10)
01) — [11) |12) — |01) |20) — |21)
02) — [22) |10) — [12) |21) — |02)



. 1
~ 1
~ |

T11)4
120) +

102) +

222))
201))

210))

W) =Un2(|w)1 ®1%)23)

W) = U (|¥)2®1x)13)
) =Us1 (|v)3®(x)12)

3 Qutrit Code!




Holographic Map as a QEC code!

Logical operator:

O l> = Z(O)jl ]>
O|i>=Z(0)ji|j> 4 ~
; o' = Y (0);17)

W) =Un2(|w)1 ®1%)23)

On|y) = O|y)

01QEU1201U32 . ~
0},|y) = 0| y)

(8110,X3]1%) = (¢][012,X5]|9) = 0



HcCHE@)HE

Ogl¥) = Oly),

OL|y) = Of|y)

A theorem in OAQEC

Oliy =Y " 0;il3)
i

O'liy=") . O%|3)
)

m—)  (;|[0, X5][7) =0

Vi, j.



Causal wedge vs Entanglement wedge

&___’_/
Causal Wedge > HKLL procedure \\\ |

TEntangIement Wedge 1

/.,.)_{\v/ _
@ o _ Area(X)
¥ ) A=
>
/’

z:={



JLMS statement

K

p=e K : Modular Hamiltonian

Kbdy,A = Ar'ea(S) + Kpulk,a + O(l/N)

EW \S
Ryu-Takayanagi

S(paloa) = S(paloa) + O(1/N)



Entanglement Wedge Reconstruction

Tralg)(ol, oz =Tral$) (¥
rI\ra|¢> <¢| ’ Og = Tl"a|¢><¢|

PA
Pa

Hcode = Ha &® HE

Herr =HaAQ Hg



Entanglement Wedge Reconstruction

JLMS statement: Pa =0z = pPzF=07

O actsonly on H:

(Y[ X7lY) = (91 X7l9)

(ple™ O X7e*]9) — (p|X7]¢) =0

(9110, X7]|¢) =0 O.4|0)

= 0l9),

O, |¢)

= 0'|¢)

8N

Hcode = Ha & Ha

Herr = Ha @ Hyg

EWR!
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de , PA € S(HA)
JLMS statement:

S(T(pa)|T (0a)) = S(paloa)

Recovery Map:

IR, R.T(,Oa) — Pa




EWR & Recovery Channel

L(H,) Pa

L(H4)



|

EWR & Recovery Channel

T

?

L(H,)

L(H4)

Pa

Petz Recovery Channel

R*(.) = pa 2T (pt/*()p/?

PA = T(/)a)

)

=
PA/



EWR & Recovery Channel

|

L(H,)

L(H4)

Pa

Petz Recovery Channel

R*(.) = pa 2T (pt/*()p/?

PA = T(/)a)

)

=
PA/



Petz Map

_ (I)CFT =R" (beulk)

_ . —1/2
v = 02 TralVak Lo (pY *Opua 0t )V e oa

BTN, TR W S - — Tpute
1.  pg,pa : maximally mixed states — Pa ® Pa = & = Tyulk

2. conditions on expectation values:  (0a)p,. = (PHKLL) pe oy

Lt -
VHKLL@(L VH Kl — P(:()dc(I)HKLLPc()de



Petz Map

|

| —1/2
Oa = o TA1/2tTA(VHKLL(¢a)V13KLL)TA / Petz Map |
code




Petz Map Reconstruction

[E. Bahiru, N. Vardian] [N. Vardian]

o0
Ga(X) — L7 = / a’;rA/ ds Kpei (X |54;3)0% O(z4) 0™
A



Thank You |
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