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Overview

© Free Fermions: Basics
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@ Basic properties of fermionic operators
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Linear Canonical Transformations |

Fermionic anti-commutation relations are defined as follows:

{Ciaq} :{EHE:I} :Oa {C,’,E:,’} :6(]’ (1)
where in principle & does not need to be ¢! but in many applications it
turns out to be.

Canonical fermionic transformations are transformations which keep the
anti-commutation relations intact: they can be linear or non-linear as well.

In this lecture we will entirely concentrate on the linear homogeneous ones.
The most general linear homogeneous canonical transformation can be

(5)=7() @

where T satisfies the property:
ToT" =0, (3)

written as

where we define
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Linear Canonical Transformations Il

&
2

() @)-[1] g

It is easy to see that the T matrices have a group structure. Note that b
does not need to be the complex conjugate of b. If we force b = b' then
the transformation is called Bogoliubov transformation and it is unitary.
Question 1:  Write one simple example of non-linear CT.

Question 2:  Show that the group structure of the T matrices is.O(2N).
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Useful commutation relations

Using [A, BC] = {A, B}C — B{A, C} the most basic commutation
relations can be calculated as follows:

[ci.cla] = djc, [c], ] a] = —duc], (5)
and
[C,'CJT, cir CJT,] = §jir c,-cJ.T, — djjrcir c;'. (6)

Now consider the following quadratic operator:

1 (o
— Z(ct
Om 2(‘3 c)M <cT> ; (7)
After some algebra it is possible to prove that
[Om;, Om,] = Oy my)- (8)

Note that in the above without losing generality we can assume oM is an
antisymmetric matrix. Why?
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Lie algebra structures |

Using the standard commutation relations introduced in the previous
section it is possible to show a few interesting Lie algebra structures.
Question 3: Show that the N? operators C;fCJ', i,j=1,2,...,N form the
algebra of U(N).

For Hamiltonians with just clc/ terms the particle number is a conserved
quantity and so the relevant Hilbert space is the one with fixed number of
fermions. In other words, the basic states in the Hilbert space are

{Im, na,...,nn)}, where nj = 0,1 and > nj = n. The number of basic
states are % It is often said that the particle number conservation is
a consequence of the U(1) symmetry. Why?
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Lie algebra structures Il

Question 4: Consider the N(2N — 1) operators c,ch — %6,1 ihj=1,2,...,N
and c,-cj(cl.TcJ.T), i#j=1,2,....N. Show that they satisfy the algebra of
SO(2N).

The basic states in the Hilbert space are {|ny, no, ..., nn) }, where nj = 0,1
and 3" n; = nis odd or even. There are 2NV~! states in each sector. This is

the consequence of the parity symmetry, i.e.
[P.ge] = [P.¢/cf] = [P, /] =0, (9)

where P = (—1)2?1:1 cfei,

Question 5: Consider the N(2N + 1) operators c;rcj — %5,-], ihj=1,2,...N
and c,-cj(c,]Lc}L), i #j=1,2,...,N plus the operators ¢; and c;r,
i=1,2,...,N. Show that they satisfy the algebra of SO(2N + 1).
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A canonical transformation

Consider the following operator

%(CT cM (;)
F=e (10)

)

where without losing generality we can assume oM is antisymmetric
matrix. Applying the Baker—Campbell- Hausdorff formula it is easy to

show that
—1 (o) o C M
F <cT> F=T (CT> , T=¢€", (11)
with
T T12>
T= ) 12
(T21 T (12)
It has the property:
ToT! =0, (13)

which is equivalent to say that the transformation JF is.canonical.
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Balian-Brezin decomposition

Using the equations of previous subsection one can now show another very
useful formula

(o} (o} (o}
Lict c)M1< T) Lict c)M2< T) 1(cT c)M( T)
2 2 2
e “Je ©) =e </, (14)

eM = MMz, (15)

where

Finally it is not difficult to show the following equation known as
Balian-Brezin decomposition formula

) c
Lict oM
62 (CT) _ e%c“Xc“ec*ch%TrYe%ch7
where we have
X=T(Te)t, Z=(Tn)'Ta, eY=T, (17)

Note that X and Z are anti-symmetric matrices.
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Diagonalization of the free fermionic Hamiltonians |

The Hamiltonian describing a free fermionic system can be written as

1 1
H= Z[CTA,JCJ c/Bycl + = 5CiBjig] — S TrA”, (18)

ij=1

where c,-T and ¢; are fermionic creation and annihilation operators. To have
a consistent Hermitian Hamiltonian we need to consider A = AT and
B=-B'.

Question 6: Why we have not put linear terms in the above Hamiltonian?
We first rewrite the Hamiltonian in the matrix form,

H = %(CT M <CCT) , (19)

u- (5 %) (20)

where

is a Hermitian matrix.
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Diagonalization of the free fermionic Hamiltonians Il

There is a unitary matrix which diagonalizes the above matrix as follows:
A =UMU'. (21)

The existence of a unitary matrix which diagonalizes a Hermitian matrix is
guaranteed by a theorem. It is not difficult to see that the eigenvalues of
the matrix M are not only real but appear also in pairs £)\;. Using the
above equation, the Hamiltonian becomes,

Hp = %(cT cuu (_’E* _BA*> uu <:T>
— St an (). (22)

where we have introduced new operators 7)'s,

(3)-+()
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Diagonalization of the free fermionic Hamiltonians Il

It is possible to choose the matrix U in a way that the new operators 7;
and n,-T are also fermionic creation and annihilation operators. Such kind of
maps are canonical transformations. We have

u- (& 1), (24)

Question 7: Prove the above non-trivial statement.
The diagonal matrix A can be written as

(e 3 (25)

where the elements of A; are non-negative.
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Diagonalization of the free fermionic Hamiltonians 1V

Finally, we can write the diagonalized from of the Hamiltonian as follows:
1
Hp = ; )\knlnk — ETr/\l. (26)

Having the diagonalized form of the Hamiltonian one can now calculate all
the 2" energies and eigenstates as follows:

1
Erop,.00 = —ETY/\L |G) (27)
Eqo,..00 = Epo,. 03 + A1, m|G), - (28)
Eq,..00 = Epo,..0p + A1+ A2, 772771| G), .. (29)

: 1
Eqa..1y = E{o,o,...,0}+z>\k=§Tr/\1, nh-.nbni|G),  (30)

where |G) is the vacuum defined as 7,|G) = 0,Vk.
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General results regarding the basic correlation functions

We start with the following definitions:

Gk = trpcjrck, (31)
Fix = trpc;cl, (32)
where p is the density matrix. Then it is possible to prove that
c = ¢, (33)
FI = -F, (34)

Sometimes it is more convenient to work with the Majorana fermions
defined as:

W = a+cl, (35)
e = i(c) — k). (36)

With the following commutation relations:
v} = 135 A} = 204, {7, 3} =0. (37)
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General results regarding the basic correlation functions Il

The basic correlation functions of Majorana operators can be written as:

) = Kik, (38)
Five) = iGj, (39)
Vi) = Kk (40)
Then we have
K = FF+F+1+C-C’, (41)
K = -FT—F+1+C-C", (42)
G —F +F—-14+C+C'. (43)

We note that the K and K matrices are Hermitian but the G in general is
not Hermitian except when the F matrix is zero. However, the G matrix is
always real. One can also easily find that the diagonal elements of K and

K should be equal to 1. In general we have K + KT = 2I.
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General results regarding the basic correlation functions IlI

One of the key points is to define the following purely imaginary skew
symmetric [ correlation matrix:

() )

where we have I* = —T and I'T = I". When all the correlation functions

are real, then we have:
0 —-iG’
M- (,-c . ) . (45)

which means we need to deal with just one matrix G. For example, when
we have a Hamiltonian with real parameters the correlation functions for
the ground state are all real and the above equation is true. However,
when one deals with dynamical problems we do not have real correlations
and one should use the equation (44). Since this matrix is purely
imaginary skew symmetric matrix the eigenvalues come in pairs of
opposite sign (v, —v).
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Basic correlation functions of eigenstates

The basic correlation functions for the ground state can be found easily as
follows:

C=h'h F=h'g (46)

and then we can show that

G = (hi—g')(h+g), (47)
K = (hf+ghh+g), (48)
K = (hi—g)(h—g). (49)

It is also not difficult to show that we have
K = GK!G'. (50)

In addition when all the correlations are real one can prove that
det G = =£1.
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Basic correlation functions of eigenstates

The generic excited state can be defined as:

|k, ooy ki >= 11} ] |G >, (51)

Then after some algebra one can show that
Clia..ky = hlh+g’ Vg —gll'h, (52)
F,..ky = hig+g’ .l'h*—hilg, (53)

where

. { Okt k € {ki, .oy ki}
kk 0 : otherwise

Then one can also show that
Gy} = (h—gl)(h+g)—2Re[(h" —g").l.(h +g)], (55)
K.y = (b +gN)(h+g) - 2iim[(h" +g").1'.(h+g)], (56)
K.y = (b —gl)(h—g) - 2iim[(h" — g").1'.(h —g)]. (57)
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Trace Formulas

It is easy to show that for example for Hermitian M we have:

%(CT c)M( T)
C M, L
tre =det(l 4+ e™")2. (61)

One of the frequently occurring example is when B = 0. Then we have the
following formula:

fA.c
treSi 419 = det(/ + eM). (62)
Another useful trace formula is the following trace formula for the

correlation function of (¢;¢;), where ¢;(; can be creation and annihilation

Operators, i.e. ((;515 ¢2a ceey ¢Na ¢N+1a ¢N+25 ceey ¢2N) -
(c1,¢2, ...y CN, cI, cg, s s C,]:I) It is useful to see that {¢;, ¢;} = ojj. Then
we have

%(CT c)M( T) ) 1
tr[dije c ]:det(l—i—eM)i[(I—l—eM) ol (63)
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Wick’'s theorem is a method to reduce expectation value of arbitrary
products of creation and annihilation operators to sums of products of
pairs of these operators. Although the number of states in the Hilbert
space that respect the Wick's theorem is measure zero it turns out that all
the eigenstates of quadratic Hamiltonians follow Wick's theorem. Consider
|0 > as the vacuum of the annihilation operators ¢;, i.e. ¢;|0 >= 0 then by
direct calculation one can show that

n

< 0¢1...6n|0 >=Y (~1) < 0[¢1¢;]0 >< O|¢hp...¢0j 16j41...0n[0 > (64)

j=2

where ¢ can be the annihilation c,-T or creation ¢; operators. In principle

the Wick’s theorem is valid for all the operators that can be defined using
the creation and annihilation operators with a linear transformation, i.e.
Vi = aijd).

Question 8: Write the above n-point function as a pfaffian.
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Gaudin's theorem

There is a generalization of the Wick’s theorem which is very useful in
statistical physics and applies to thermal averages and it is called Gaudin
formula. It is also useful to calculate the reduced densiy matrix. For

. Ko
density operator p = ﬁ it can be stated as

n

Trfpér...¢n] = Y _(~1Y Trlpg1¢)]Tr[pd2...0j-16j41-- bl (65)

j=2

where K is a quadratic form of the operators ¢. Normally K is a Hermitian
operator, however, to prove the theorem it is not necessary.

Question 9: Show that we have Wick's theorem for all the eigenstates of
free fermionic Hamiltonians made out of the 7 operators.
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Eigenstates in the configuration basis and the parity

operator |

In this section we write the eigenstates of the quadratic Hamiltonians in
the configuration basis. We first remember that for a generic quadratic free
fermion Hamlltonlan the parity is conserved which means that [H, P] =0,

where P = (=1)N and N = ZJ 1 CJTCJ If the eigenstate is not degenerate
then it is a superposition of states with just even or just odd number of

fermions. The parity of the ground state should be found by calculating

X N N
(GIPIG) = (GI(-1)"|6) = (6| (1 —2¢/¢)I6) = i"(G| [ [ 4716).-(66)

j=1 j=1

The above correlation can be calculated using the Wick’s theorem and can
be written as a pfaffian. When the parity is even in especial circumstances
one can find the ground state in the configuration basis in an explicit form.
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Eigenstates in the configuration basis and the parity

operator |l

The idea is based on the following ansatz:

G) = L ISR, (67)
(det[l + RTR])?

where ¢;|0) = 0. Note that the R matrix is an antisymmetric matrix. Since
we should have > (gjic; + h,-jch)|G> = 0, then one can easily show that

gR+h=0, (68)

where the right hand side is the matrix zero. As far as the matrix g has an
inverse the above formula can be used easily to find the ground state.
Question 10: What should we do if the parity is odd or the matrix g does
not have an inverse?

Question 11: Generalize the above to generic excited states.
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Fermionic coherent states |

Fermionic coherent state is a very useful representation to simplify the
calculations. It is defined as

_SN f
€) = |1, &2, ... En) = €7 22 |0), (69)
where £'s are Grassmann variables. It satisfies the following simple
property

cil§) = ¢&il§)- (70)
The adjoint of the coherent state can be also defined as follows:
(€lcf = (€6 (71)
The overlap can be calculated easily as
(le) = <. (72)
One can also write the foIIowing two useful relations:
T = i 73
i) =gl (€= g lel (73)
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Fermionic coherent states I

For coherent states the closure relation may be written as
[ ] déasie ¥ie) 6l = 1. (74)
i
Then one can simply expand any state in the coherent basis as follows:

o) = [ TLdGdge v @ie) (75)

where (€) = (€]1)). The other important formula is the trace of an
arbitrary operator in the coherent basis. It has the following form

TrA = / [] ddsie ¥<(~€lnje). (76)

The matrix element of a normal-ordered operator A(c,-T, ¢;) between two
coherent states is very simple:

(€AY {ahE) = &€ A(E ). L&) (77)
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Fermionic coherent states ll|

One of the most interesting equations is the following expectation value
(glecAele) = 8" (78)

Question 11: Prove the above equation.

There is another interesting formula regarding the Grassmann integration
of the coherent states with respect to some variables. It can be written as
follows

/dsﬂsl,&z, ) = 161,60 Ly o ) (79)

It means that taking a Grassmann integration over a variable at site j is
like putting a fermion in that site. The above formula can be easily
generalized for arbitrary sites.
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End of the first lecture

End of The First Lecture
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Lecture Il

EE in Free Fermionic Hamiltonians: Lecture |l

Mohammad Ali Rajabpour
Federal university of Fluminense
IPM: 2nd Advanced School on Holography and Quantum Information
Topics
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Reduced density matrix |: wave function method: |

We start by writing the density matrix of the vacuum state (even parity)

p= \C\2e% > Ryclef 10) (0| o7 2ij —Rjeici, (80)

+—~————. One can write the density operator in the
\/det[I+RTR]

coherent basis as follows:
1 o 1 * ¢/ ¢!
p(E.€) = (Elp|¢) =|CP? ez 2isRits e 2 s RiSIG . (81)

To calculate the reduced density matrix, we first divide the system into
two parts (sets) 1 and 2, where the full system is given by 1 + 2. To find
the RDM for subsystem 1 we need to trace out the subsystem 2, i.e.

p, = tryp. One can write

where C =

- 7Zgn£n
p6.€) = [ e e =
1e2
<§17 e 75/(7 _§k+17 T 7_§L| 1% |£j/[7 T 7€;<a§k+17 T 7€L> ) (82)

where indices {1,--- ,k} € 1 and {k+1,---,L} € 2.
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Reduced density matrix I: wave function method: Il

After a bit of calculations we get for the reduced density matrix

\/det[l + Rl,Ro,)] e%(é_ £’)Q<§,)

/det[l + RTR]

where € matrix is given by

Ru +Ri2[Re2 — (R5) "] 'RL  —RuRy (R — Ryy) 'R,

Q=
* — x* \“lp— * * — % \—1
Riy(Rz —R3) Ry RY —Ri; +Riy(Rys — R3,) RJ{Z
where we divided R matrix into four submatrices Ri1, Ri2, Rog = —Ria”
and R22.

Question 12: What should we do if the parity of the ground state is odd?
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Reduced density matrix |: wave function method: Il

One can use the above equation to write the operator form of the reduced
density matrix. We first need to write

1 ey & ¢! 1 k ¢=f ¢/
(€| p|€) = |c|? eXis 2Miti% @iy Viti€ @i —2 X6, (84)
with
X =Ry —RpOR,RY,  and 2 = Rip ORI, + RLQRY,, (85)

[detlR1
where Q = (| + R22TR22)_1 and |C|? = %, Next, we can write

the reduced density matrix as:

e ol e amls) s o)
p, =|Cl’e € € €
! (86)

9
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Reduced density matrix |: wave function method: IV

where M1, M5 and M3 are given by

Ml:(E ?;) M2:<In(oy) —Ino(y))’ M3:<—2‘* 8>

(87)
These three matrices can be infused together to one matrix M. Finally we
have a compact operator form for the reduced density matrix as:

(e om(S

L =|C”” € , where eM =eM eMzeMs  (8g)

where |C']2 = |C|? e3trny.
Question 13: Simplify the above equation for the real matrix R?
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Reduced density matrix Il: correlation function method |

Here we will present an alternative form for the reduced density matrix of
the eigenstates of the free fermions which uses the Gaudin theorem.
Compare to the formulas of the previous section it has its own
(dis)advantages. All the calculations are much easier in the Majorana
representation. Consider the following generic Hermitian quadratic
operator:

N
0= IcPig + 2cl@ye + 1aQje] - TP, (89)
j=1
where P and Q are Hermitian and antisymmetric matrices respectively.
One can write the above operator in the Majorana representation as

follows:
0 = v AW (1) (90)

o Pa + Qs i(Qa + Ps)
W= <i(Qa - PS) P,—Qs ) 7 (91)
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Reduced density matrix |l: correlation function method Il

where Py, = %PT and Qq(5) = QTZiQ. The W matrix is purely
imaginary antisymmetric matrix (consequently Hermitian) so in principle it
can be block-diagonalized using an orthogonal matrix V then the W
matrix can be block-diagonalized as follows: First we write

1 i/ 0 D
“vwyl == 2
4 4 (—Dl 0 ) ’ (9 )

where Dj is a diagonal matrix with the modes as entries. Then it is also
easy to go back to the normal fermionic representation as follows:

oy 1/1 i ¥
(5)=2( 5)~(G) 9
Finally, we can write the diagonalized from of the operator as follows:

1
O=>"dd}o — 5 TrD1. (94)
k

The results of this section are an alternative to the results of the section
corresponding to the diagonalization of free Hamiltonians too.
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Reduced density matrix Il: correlation function method Il

Consider a state which follows Wick's theorem. Then because of Gaudin's
theorem one can make the following ansatz for the reduced density matrix
of the domain D:

1 o
—e 95
e, (95)
where we assumed O is in the form (91) and Zp =[], 2 cosh % is the
normalization constant. By definition if pp is the reduced density matrix
the correlation functions inside the domain should match to those that one
calculates using the state of the full system. First we write the reduced
density matrix as follows:

PD =

efd?k + 2sinh %(5}(5;(
oo =]] :

96)
d (
p 2 cosh 7
Then it is easy to show that
Ok’
(Ofo) = —, (6k0kr) = 0. (97)
14+e 2
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Reduced density matrix Il: correlation function method IV

I = tanh % (98)

At this stage we can also write the equation (97) with respect to the
eigenvalues of the [ matrix, i.e. v's as follows:

pD:H<1_2Vk+Vk515k>ZH(1+W5T5
k k

Finally the reduced density matrix can be also written as:

— U,
kdkai) (99)

| —=T.1 %(’Y ’7)A|”EE~<’Z)
pp = [det ——]ze v/, (100)

One can also come back and write the argument of the exponential in the
original fermion representation as follows:
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Reduced density matrix Il: correlation function method IV

C
L(ct c)ln 148 ( ),
| —T.1 2 T
po = [det — Jze </, (101)
where we have
~ 1 /1 il 1 [

When all the couplings are real like when we are dealing with the
eigenstate of a Hamiltonian with real couplings the reduced density matrix
can be written as:

P det[%(I—G)]eH, (103)

H o= %(cT ¢) (“f\l l\IIVI> (;T>+;Trln(Fs), (104)

where H is the entanglement Hamiltonian and
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Reduced density matrix Il: correlation function method V

M N\  (Fs—F,F;'F, F,F;!
(-N -M> =In < —F;'F, Fol ) (105)
where F, = FszT and Fs = F+TFT and as before F = :J_rg When the G

matrix is real and symmetric one can write everything with respect to the
C matrix as follows:

pp = det]l — CleS NFlic, (106)
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Reduced density matrix |l: correlation function method:

Grassmann representation |

The reduced density matrix in the Grassmann representation can be
written as follows: We first decompose the reduced density matrix to three
exponentials by using Balian-Brezin decomposition and then write every
single term in the Grassmann form and then sum up all the arguments of
the exponentials. To follow this procedure we first write

@:l—i—r:(@n @12>
I—T 912 ©2

/ @12@2_21 @11—@129521@12 0 —1IT 0 (107)
0 / 0 ©2/) \© 01, |/

Then we have

pp = [det / ; r]%e%cTXcT ecTYc—%TrYe%ch7 (108)

where

X = 01,0, Z=0,el, e Y =0L. (109)
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Reduced density matrix |l: correlation function method:

Grassmann representation |l

The matrices X and Z are antisymmetric and Y is Hermitian. Since the
reduced density matrix should be Hermitian we can also assume that

Z = —X*. Finally the Grassmann representation is as follows:
(€|pp|€) = [det . ]2e FEXE+E¥E—3TrY+4 2€2¢ (110)
After a bit of reorganization we have:
&l
e o)
(€lpolé) = ldet ——]re e S
X eY
N = . 112
(—eYT Z> (112)
When all the parameters are real then we can write X = —Z = F, and
Y — F,. Then we have
/ - G &l &l
(€|pp€) = [det —~]e2E~OFE ), (113)

Mohammad Ali Rajabpour (UFF) EE in Free Fermionic Hamiltonians February 14, 2021 40 /50



Rényi Entanglement Entropy |: wave function

The Rényi entanglement entropy is defined as follows:

1
Sa = 1w Intrp{.

Using the equation (89) and (61) one can easily write

1
Sa = g |C'P detft + M]3
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Rényi Entanglement Entropy Il: correlation function

method |

The trp® can be calculated easily by using the trace formulas of lecture I.

Then we have
trp® = (det[<l — r) + (IJ;r)a])é (116)

Finally we have:

+ (=) (117)

where the sum is over all the positive eigenvalues of the purely imaginary
skew-symmetric matrix . When o = 1 we have von Neumann
entanglement entropy with the following formula:

=Y AR )

2
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Rényi Entanglement Entropy Il: correlation function

method I

When all the couplings are real we can again write everything with respect
to the matrix G as follows:

1 I—VG'G\e  (I+VG G\«
Sa=g——trh (——=) +(—5—) 1) (119)
Finally when the matrix G is symmetric we can write
1 & o
So = 1_atr|n[<l—C) + . (120)

The above formulas can be used to calculate bipartite entanglement
entropy of the ground state and excited states of the quadratic
Hamiltonians. They are valid in any dimension. When the G or C matrix
is a Toeplitz matrix one can do analytical calculations. Otherwise the only
way to proceed is numerical calculations.
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Elements of the reduced density matrix in the

configurational basis and formation probabilities |

In this part we explain a method to calculate all the elements of the
reduced density matrix in the configurational basis. Consider an element of
the configurational basis |C) where C is a configuration of fermions made
of bunch of zeros and ones. Then this configuration can be written in the
Grassmann representation as follows:

|C>:/dgkdgj...|o,o,§j,o,...5k...,0>:|o,o,..., ,0,...,14,0...,0) (121)

It means that taking a Grassmann-Berezin integration over a variable at
site j is like putting a fermion in that site. Using the above equation it is
easy to calculate

I—T -
(C'|pal C) = [det ——]ze™ 2™V pf[N], (122)

where N is the submatrix of the matrix N, where the rows and columns
corresponding to the sites without fermions have been removed. The
Grassmann integration over the rest of the variables gives the Pfaffian.

Mohammad Ali Rajabpour (UFF) EE in Free Fermionic Hamiltonians February 14, 2021 44 /50



Elements of the reduced density matrix in the

configurational basis and formation probabilities Il

The corresponding submatrices for the diagonal elements are the principal
submatrices which their pfaffians give the probabilities. These probabilities
are often called formation probabilities. They are all positive. When all the

couplings are real we can again write the probabilities with respect to the
matrix G as follows:

-G

pc = det[ 5

] det[F], (123)

where det[lE] is the principal minor corresponding to the configuration C.

Mohammad Ali Rajabpour (UFF) EE in Free Fermionic Hamiltonians February 14, 2021 45 /50



Periodic one dimensional free fermions |

In this section we study the simplest example of free fermion Hamiltonian
which is the one dimensional system with periodic boundary conditions.
We write the Hamiltonian as follows:

R
b
H= Z Z a,chcHr + Er(cjcfﬂ — CjCj4r) + const. (124)
r=—R jEN

Using the Majorana operators one can also write,

. R
H = é SOtV (125)

r=—R jeA

where we defined as before the Majorana operators v, = cx + cl and

i = i((:}r —¢j)and t, = —(ar + by) and t_, = —(a, — by). It is very useful
to put the coupling constants as the coefficients of the following
holomorphic function f(z) =), t,z".
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Periodic one dimensional free fermions Il

Then the Hamiltonian can be diagonalized by going to the Fourier space
and then Bogoliubov transformation as follows:

H= Z |f(q |17q77q + const, (126)

f f i
where ng = 3(1+ 4 cl + 3(1 - A8 )c_q with £(q) == £(e) and

qg= 2% with j = 1,2, ..., L. Using the dispersion relation €(q) = |f(q)| one
can distinguish different phases easily as follows: The critical point
happens when there is a g where the gap closes. In other words, when the
dispersion relation is zero. This happens just when f(z) has zero on the
unit circle. The number of possible zero's n can fix the central charge of
the corresponding system because one can always linearize the dispersion
relation around the zero and have one Majorana field theory with central
charge ¢ = % corresponding to that zero. Clearly when there are n zeros

on the unit circle we have ¢ = g
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Periodic one dimensional free fermions IlI

One can also define the correlation matrix of the eigenstate of the
Hamiltonian (125) like before as iGj = (3j7k), where () is the expectation
value in the ground state. Note that here we have 0 = (vjvk) = —(¥j7k)
which means that K = K = I. Using the Wick's theorem which is valid for
the eigenstates of the above Hamiltonian one can write all the other
correlation functions with respect to these three basic correlation
functions. Finally after a bit of calculation one can write the following
explicit formula for the correlation matrix of the ground state:

" dg f(q) gy
Gy = — T iq(i—k) 127
w= [ ST (127)

The above correlation matrix has a Toeplitz structure which makes it a
suitable candidate for analytical calculations. It is possible to show that
when the gap closes the above correlation function decays like a power-law
for large |j — k| and when there is a gap the above correlation function
decays like an exponential.

Mohammad Ali Rajabpour (UFF) EE in Free Fermionic Hamiltonians February 14, 2021 48 /50



Periodic one dimensional free fermions 1V

Question 14: Take a simple example of the above Hamiltonian and
calculate the EE. Does your example follow an area-law or a logarithmic
law?

Question 15: Take the Hamiltonian of question 14 and write the reduced
density matrix for L = 4 explicitly in the onfiguration basis.
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The End
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