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Warped AdS3 spacetime

Warped AdS3 spacetimes appear in the near horizon
geometry of extremal Kerr black holes:

The Kerr metric is

ds2 = −
∆

ρ2

(

dt̂ − a sin2 θdφ̂
)2

+
ρ2

∆
dr̂2 + ρ2dθ2

+
sin2 θ

ρ2

(

(r̂2 + a2)dφ̂ − adt̂
)2

(1)

a ≡
J

M
, ∆ ≡ r̂2 − 2Mr + a2 , ρ2 ≡ r̂2 + a2 cos2 θ, (2)

Horizons are at

r± = M ±
√

M2 − a2 (3)
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For extremal cases (i.e. r+ = r
−

), we define new
coordinates

t =
λt̂

2M2
, r =

r̂ − M

λ
, φ = φ̂ −

t̂

2M
. (4)

In the λ → 0 limit, the result is the near-horizon geometry
of the extremal Kerr (NHEK):

ds2 = Γ(θ)

[

−r2dt2 +
dr2

r2
+ dθ2

]

+ γ(θ)(dφ + rdt)2 , (5)

where

Γ(θ) = M2(1 + cos2 θ) , γ(θ) =
4M2 sin2 θ

1 + cos2(θ)
. (6)
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The NHEK geometry is not asymptotically flat!

This geometry has U(1) × SL(2, R) isometry. The
rotational U(1) isometry is generated by the Killing
vector J0 = −∂ϕ and the SL(2, R) is generated by

J̄1 = ∂t ,

J̄2 = t∂t − r∂r,

J̄3 =

(

1

2r2
+

t2

2

)

∂t − tr∂r −
k

r
∂φ . (7)
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For fixed θ, the geometry (5) is similar to the
three-dimensional warped AdS3 spacetime,

ds2 =
ℓ2

(ν2 + 3)

[

− cosh2 σdτ2 + dσ2 +
4ν2

ν2 + 3
(du + sinh σdτ)2

]

(8)
which is a solution of the Topologically Massive Gravity
(TMG):

ITMG =
1

16πG

∫

M

d3x
√
−g
(

R + 2/ℓ2
)

+
ℓ

96πGν

∫

M

d3x
√
−gελµνΓr

λσ

(

∂µΓσ
rν +

2

3
Γσ

µτΓ
τ
νr

)

(9)
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Besides WAdS3 geometries, the action (9) has warped
AdS3 black hole solutions. These black holes are
discrete quotients of warped AdS3 just as BTZ black
holes are discrete quotients of the ordinary AdS3.

The metric of WAdS3 black hole is

ds2 = −N(r)2dt2 + ℓ2R(r)2(dφ + Nφ(r)dt)2 +
ℓ4dr2

4R(r)2N(r)2
,

N(r)2 ≡
ℓ2(ν2 + 3)(r − r+)(r − r−)

4R(r)2
,

Nφ(r) ≡
2νr −

√

r+r−(ν2 + 3)

2R(r)2
,

R(r)2 ≡
r

4

(

3(ν2 − 1)r + (ν2 + 3)(r+ + r−)

− 4ν
√

r+r−(ν2 + 3)
)

. (10)
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WAdS3/CFT2 conjecture

Quantum TMG is holographically dual to a 2D boundary

CFT with cR = (5ν2+3)ℓ
Gν(ν2+3) and cL = 4νℓ

G(ν2+3) .

[Anninos,Li, Padi, Song and Strominger (2008)]

The motivations for this conjecture are that application
of the Cardy formula to the CFT density of states
reproduces the black hole entropy.

The close relation between WAdS3 and NHEK
geometries results in the following conjecture which is
known as "Kerr/CFT correspondence":
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Quantum gravity in the background of near
horizon extremal Kerr black holes is
holographically dual to a chiral
two-dimensional conformal field theory.

[Guica, Hartman, Song, Strominger (2008)]
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Hidden Conformal Symmetry

The isometry of WAdS3 and NHEK is U(1) × SL(2, R).
They do not have the SL(2, R) × SL(2, R) conformal
symmetry of the dual CFT.

The attempts to enhance the U(1) × SL(2, R) isometry
of WAdS3 to the full conformal symmetry by making use
of the Brown and Henneaux’s asymptotic symmetry
method, have not been unambiguously successful.

The question which still remains unanswered is that
What is the interpretation of dual conformal symmetry
in terms of gravitational bulk theory?
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"Hidden conformal symmetry" may provide an answer
to this question:

In this proposal the conformal symmetry is not derived
from a conformal symmetry of the spacetime geometry.
It is a symmetry of solution space:

To see this, Consider the warped AdS3 black hole (10).
We want to study the propagation of a massive scalar
field in this background.

The Klein-Gordon equation for a massive scalar with
mass m is

(

1√
−g

∂µ

√
−g∂µ − m2

)

Φ = 0. (11)
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Expanding in eigenmodes

Φ(t, r, θ, φ) = e−iωt+ikφΦ(r, θ) , (12)

and imposing

ω2 ≪
(ν2 + 3)2

3(ν2 − 1)
. (13)

simplifies the wave equation (11) to the form

H̃
2Φ = H

2Φ =
ℓ2m2

ν2 + 3
Φ (14)

where H̃
2 and H

2 are the quadratic Casimir of two
following SL(2, R)s: [R.F. (2010)]
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H0 = −
2iν

ν2 + 3

TL

TR

∂t +
i

2πℓTR

∂φ,

H1 = i e−2πℓTRφ

[

−
ν

(ν2 + 3)
√

∆

(

(2r − r+ − r−)
TL

TR

+ r+ − r−

)

∂t

+
√

∆∂r +
2r − r+ − r−

4πℓTR

√
∆

∂φ

]

,

H−1 = i e2πℓTRφ

[

−
ν

(ν2 + 3)
√

∆

(

(2r − r+ − r−)
TL

TR

+ r+ − r−

)

∂t

−
√

∆∂r +
2r − r+ − r−

4πℓTR

√
∆

∂φ

]

,

(15)
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H̄0 =
2iν

ν2 + 3
∂t,

H̄1 = i e−
ν2

+3

2ν
t−2πℓTLφ

[

ν
(

(ν2 + 3)(2r − r+ − r
−
) + 8πℓTL

)

(ν2 + 3)2
√

∆
∂t

+
√

∆∂r −
2

(ν2 + 3)
√

∆
∂φ

]

,

H̄
−1 = i e

ν2
+3

2ν
t+2πℓTLφ

[

ν
(

(ν2 + 3)(2r − r+ − r
−
) + 8πℓTL

)

(ν2 + 3)2
√

∆
∂t

−
√

∆∂r −
2

(ν2 + 3)
√

∆
∂φ

]

,
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where

TR =
(ν2 + 3)(r+ − r

−
)

8πℓ
, (17)

TL =
ν2 + 3

8πℓ

(

r+ + r
−
−
√

r+r
−
(ν2 + 3)

ν

)

, (18)

∆ = (r − r+)(r − r
−
). (19)

It is not difficult to see that the generators (15) and (16)
satisfy the SL(2, R) × SL(2, R) algebra

[Hn, Hm] = i(n − m)Hn+m

[H̄n, H̄m] = i(n − m)H̄n+m (n,m = −1, 0, 1)

[Hn, H̄m] = 0 (20)
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Hence the scalar Laplacian can be written as the
SL(2, R) Casimir and the SL(2, R)L × SL(2, R)R weights
of the scalar field are

(hL, hR) = (
1

2

√

1 +
4ℓ2m2

ν2 + 3
−

1

2
,
1

2

√

1 +
4ℓ2m2

ν2 + 3
−

1

2
). (21)

Generators of hidden SL(2, R) × SL(2, R) are not
periodic under φ ∼ φ + 2π. Periodic identification of φ
breaks the hidden symmetry to U(1) × U(1).

This identification is generated by the group element

e∂φ = e−i2πℓ(TRH0+TLH̄0) (22)
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Interestingly, the identification (22) can be used to
produce the warped black holes as a quotient of the
warped AdS3 and TR and TL may be interpreted as the
right and left temperatures of the conformal field theory
dual to the warped AdS black holes.

The Entropy calculation using the Cardy formula

S =
π2ℓ

3
(cLTL + cRTR) (23)

supports this hypothesis.
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Absorption cross section

After imposing condition (13), the absorption cross
section of the scalar field takes the following form

σabs ∼ sinh

[

2π
(

Ω+ω + Uk
)

]

∣

∣

∣

∣

∣

Γ

(

1

2
+

1

2

√

1 +
4m2ℓ2

ν2 + 3

−i
(

ω(Ω+ + Ω−) + 2Uk
)

)

∣

∣

∣

∣

∣

2

×

∣

∣

∣

∣

∣

Γ

(

1

2
+

1

2

√

1 +
4m2ℓ2

ν2 + 3
− iω

(

Ω+ − Ω−

)

)

∣

∣

∣

∣

∣

2

(24)

where
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U =
2

(r+ − r
−
)(ν2 + 3)

(25)

Ω+ =
2νr+ −

√

r+r
−
(ν2 + 3)

(r+ − r
−
)(ν2 + 3)

(26)

Ω
−

=
2νr

−
−
√

r+r
−
(ν2 + 3)

(r+ − r
−
)(ν2 + 3)

(27)

By defining

ωL ≡ δEL =
1

2ℓ

(

ν(r+ + r
−
) −

√

r+r
−
(ν2 + 3)

)

ω

ωR ≡ δER =
1

2ℓ

(

ν(r+ + r
−
) −

√

r+r
−
(ν2 + 3)

)

ω +
k

ℓ
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which are the left and right conjugate charges, we can
rewrite (24) as

σabs ∼T 2hL−1
L T 2hR−1

R sinh

(

ωL

2TL
+

ωR

2TR

)

∣

∣

∣

∣

Γ(hL + i
ωL

2πTL
)

∣

∣

∣

∣

2 ∣
∣

∣

∣

Γ(hR + i
ωR

2πTR
)

∣

∣

∣

∣

2

.

(28)

which is the well-known absorption cross section for a 2d
CFT.

– p. 19/19


	\
	Warped AdS$_3$ spacetime
	WAdS$_3$/CFT$_2$ conjecture
	 
	Hidden Conformal Symmetry
	Absorption cross section

