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♣ 5D SUGRA + H. D. C.

Compactification of M-theory on a CY3 results in N = 2 SUGRA in 5D.
The bosonic action up to 4th order in superconformal formalism is

I =
1

16πG5

∫
d5x
√
|g| (L0 + L1) ,

where

L0 = ∂aAiα∂aAαi + (2ν +A2)
D

4
+ (2ν − 3A2)

R

8
+ (6ν −A2)

v2

2
+ 2νIF

I
abv

ab

+
1

4
νIJ(F I

abF
J ab + 2∂aX

I∂aXJ) +
e−1

24
CIJKε

abcdeAIaF
J
bcF

K
de ,

L1 =
c2I

24

(
1

16e
εabcdeA

IaRbcfgRde
fg+

1

8
XICabcdCabcd +

1

12
XID2 +

1

6
F IabvabD

+
1

3
XICabcdv

abvcd +
1

2
F IabCabcdv

cd +
8

3
XIvabD̂bD̂cvac

+
4

3
XID̂avbcD̂avbc +

4

3
XID̂avbcD̂bvca −

2

3e
XIεabcdev

abvcdD̂fvef

+
2

3e
F Iabεabcdev

cfD̂fvde + e−1F Iabεabcdev
c
fD̂dvef

−
4

3
F Iabvacv

cdvdb −
1

3
F Iabvabv

2 + 4XIvabv
bcvcdv

da −XI(v2)2

)
related to the mixed gauge-gravitational CS term by SUSY trensformations.
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CIJK: Intersection numbers of internal space CY3

C2I: Second Chern class of internal space CY3

A2 = AiαAαi , v2 = vabv
ab,

ν =
1

6
CIJKX

IXJXK, νI =
1

2
CIJKX

JXK, νIJ = CIJKX
K.

Weyl multiplet→the metric, a 2-form auxiliary field, vab, a scalar auxiliary

field D, a gravitino ψiµ and an auxiliary Majorana spinor χi

Vector mutiplet→1-form gauge field AI, a scalar auxiliary field XI and a

gaugino ΩIi (where I = 1, · · · , nv count the number of vector multiplets)

and i = 1,2 is an SU(2) doublet index.

Hyper multiplet→auxiliary scalar fields Aiα and a hyperino ζα α = 1, · · · ,2r
refers to USP (2r) group.
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♣ Entropy Function & Black Ring Solution
[Castro, Davis, Kraus and Larsenr(07)]

[de Wit and Katmadas(09)]

The near horizon of SUSY black ring is given by

ds2 = l2AdS2

(
−r2dt2 +

dr2

r2

)
+ l2S1 (dψ + e0 r dt)

2 + l2S2

(
dθ2 + sin2 θdφ2

)
,

AI = eIrdt−
pI

2
cos θdφ+ aI(e0r dt+ dψ), XI =

pI

lAdS2

, D =
12

l2AdS2

,

QI = −4CIJKp
JaK, eI + e0a

I = 0, vθφ =
3

8
lAdS2 sin θ,

θ & φ: The coordinates of a usual 2-sphere.
ψ: The coordinate of ring, ψ ∼ ψ + 4π.
The radii are given by the magnetic charges pI,

lAdS2
= lS2 = e0 lS1 =

1

2

(
1

6
CIJKp

IpJpK +
1

12
c2Ip

I

)1/3

The macroscopic entropy is

Smac =
2π

e0

(
1

6
CIJKp

IpJpK +
1

6
c2Ip

I

)
= 2π

√
q̂0(CIJKpIpJpK + c2Ip

I)

6

in which

q̂0 =
1

e0
2

(
1

6
CIJKp

IpJpK +
1

6
c2Ip

I

)
[de Wit and Katmadas(09)]
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♣ c-extremization approach

� Near Horizon Isometry
The isometry of the metric are SL(2, R)×U(1)×SO(3) generated by

K1 = t∂t − r∂r, K2 =
1

2
(t2 + r−2)∂t − rt∂r −

e0

r
∂ψ,

K3 = ∂t, K4 = ∂ψ,

J3 = −i∂φ, J± = e±iφ(−i∂θ ± cot θ∂φ).

The first two parts of the near horizon metric is locally AdS3and this permit us to use
the c-extremization approach to find the associated central charge.

[Kraus and Larsen (05)]

The first step is choosing an appropriate ansatz,

ds2 = l2AdS3
ds2

AdS3
+ l2S2ds2

S2,

AI = eIrdt−
pI

2
cos θdφ+ aI(e0r dt+ dψ),

Then by extremizing thec-function

c = 6lA
3lS

2(L0 + L1),

with respect to the lA and lS we find their values in terms of the magnetic charges and
the value of c-function at these radii gives the average of left and right central charges.
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By doing these calculation one finds,

lAdS3
= 2 lS2 =

(
1

6
CIJKp

IpJpK +
1

12
c2Ip

I

)1/3

,

AI = eIrdt−
pI

2
cos θdφ+ aI(e0r dt+ dψ), XI =

pI

lAdS2

, D =
12

l2AdS2

,

QI = −4CIJKp
JaK, eI + e0a

I = 0, vθφ =
3

8
lAdS2 sin θ,

and the value of c-function at this extremum point is given by

c|ext. =
1

2
(cL + cR) = CIJKp

IpJpK +
3

4
c2Ip

I

There is a precise agreement between the above solution and the results of entropy
function formalism.

For the associated dual CFT the gravitational anomaly yields to the difference between
left and right central charges,

cL − cR =
1

2
c2Ip

I

Thus the left and right central charges are given by

cL = CIJKp
IpJpK + c2Ip

I, cR = CIJKp
IpJpK +

1

2
c2Ip

I
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Using the Cardy formula (in extremal limit) to compute the microscopic
entropy

S
(c)
mic = 2π

√
cL q̂0

6
=

2π

e0

(
1

6
CIJKp

IpJpK +
1

6
c2Ip

I
)

= Smac

Note that this entropy associated to a chiral CFT based on the SL(2, R)
part of the isometry of near horizon geometry of black ring such that L0,
L1 and L−1 are respectively proportional to K1, K2 and K3 isometries of
the geometry.

Thus there is a Virasoro algebra with the above central charge

[L(c)
m , L

(c)
n ] = (m− n)L(c)

m+n +
cL
12

(m3 −m)δm+n

such that

t∂t − r∂r
∂t ⇒ L

(c)
0 , L

(c)
±1

1

2
(t2 + r−2)∂t − rt∂r −

e0

r
∂ψ

and
cL = CIJKp

IpJpK + c2Ip
I
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♣ Kerr/CFT approach
[Guica, Hartman, Song, Strominger(08)]

� Asymptotic Symmetry
Near horizon metric of 5D Black Ring :

ds2 =
p̃2

4
(−r2dt2 +

dr2

r2
) +

p̃2

4
(dθ2 + sin2 θdφ2) + L̃2(dψ + e0rdt)

2

p̃3 ≡
1

6
CIJKp

IpJpK +
1

12
c2Ip

I L̃ ≡
p̃

2e0

Consistent boundary conditions (t, r, θ, φ, ψ):

hµν ∼ O


r2 1/r2 1/r r 1

1/r3 1/r2 1/r2 1/r
1/r 1/r 1/r

1/r 1
1


The generators associated to these boundary conditions are given by

ζn = −e−inψ∂ψ − in r e−inψ∂r,

such that satisfy a Virasoro algebra

i[ζm, ζn] = (m− n)ζm+n.
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� Computing the central charge

1st Point: To extend the Kerr/CFT approach for theory with higher
derivative corrections it is useful to do the calculations in non-basis coor-
dinates.

[Azeyanagi, Compere, Ogawa, Tachikawa, and Terashima(09)]

The vielbeins associated to near horizon geometry of black ring are

et̂ =
p̃

2
rdt, er̂ =

p̃

2r
dr, eθ̂ =

p̃

2
dθ,

eφ̂ =
p̃

2
sin θdφ, eψ̂ = L̃(dψ + e0r dt),

and the variation of the metric under Virasoro generators is given by

Lζne
t̂ = i n e−inψet̂, Lζne

r̂ = −e0 n
2 e−inψ

(
eψ̂ − et̂

)
,

Lζne
θ̂ = Lζne

φ̂ = 0, Lζne
ψ̂ = i n e−inψ

(
eψ̂ − 2et̂

)
.

2nd Point: The Kerr/CFT approach was extended to the case with CS
term and it was shown that for a theory with gravity and also other fields,
the central charge is not affected by non-gravitational fields.

[Compere, Murata, and Nishioka(09)]
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Using the BBC method the central charge is given by
[ Barnich and Brandt (01), Barnich and Compere (07), Compere (07)]

c(k) = 12 i
∫
∂Σ

kinvζn [Lζ−ng; g]

∣∣∣∣∣
n3

|n3: Stands for the term of order n3

∂Σ: Spatial boundry

kinvζn [Lζ−ng; g] = − 2
[
XcdLζn∇

cζd−n + (LζnX)cd∇[cζ
d]
−n + LζnWcζ

c
−n

]
− E[Lζng,Lζ−ng; g],

Covariant derivatives: are defined with respect to the original metric g.
X and W and E: are given by

(Wc)c3c4c5 = −2∇dZabcdεabc3c4c5 = 2(∇dXcd)c3c4c5,

Ec3c4c5 =
1

2

(
−

3

2
Zabcdδg e

c ∧ δged + 2Zacdeδgcd ∧ δgbe
)
εabc3c4c5.

in which

Zabcd =
δcovL

δRabcd
,

[ Azeyanagi, Compere, Ogawa, Tachikawa, and Terashima(09)]
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The important points for calculating the central charge are

1- The Lie derivative of vielbeins with respect to the diffeomorphisms

2- The isometry SL(2, R)× U(1)

3- The t− ψ reflection symmetry of the near horizon geometry

Doing some algebric calculations the central charge associated to the

Virasoro algebra is derived

c(k) = −12e0

∫
Σ
Zabcdε

abεcdvol(Σ) =
6 e0

π
Smac

In the last equality we used the Iyer-Wald formula for macroscopic entropy

of a black hole which is generalization of Bekenstein-Hawking formula

when the higher derivative terms are appeared.
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The cental charge is

c(k) = CIJKp
IpJpK + c2Ip

I = cL

Note that this central charge equals to the left central charge computed

by c-extremization formalism.

This equality was shown for SUSY black ring without higher derivative

corrections.

c(k) = cL = cR = CIJKp
IpJpK

and

S
(k)
mic=S

(c)
mic=Smac

[ Loran and Soltanpanahi (08)]
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As in the other application of Kerr/CFT approach, to compute the mi-
croscopic entropy we should derive the Frolov-Thorne temperature. The
temperature is an intrinsic feature of metric and its definition is not cor-
rected by higher derivative terms.

[Azeyanagi, Compere, Ogawa, Tachikawa and Terashima (09)]

So as usual one can find the Frolov-Thorne temperature from the tψ cross
term of near horizon geometry

TFT =
1

πe0
.

Often there is a factor 2 in the denominator but remember that the
period of ψ coordinate in our notation is 4π.

The microscopic entropy of supersymmetric black ring in Kerr/CFT ap-
proach can be computed by other form of Cardy formula,

S
(k)
mic =

π2

3
c(k) TFT =

2π

e0

(
1

6
CIJKp

IpJpK +
1

6
c2Ip

I
)

= S
(c)
mic = Smac

As we expect this microscopic entropy equals to the microscopic entropy
calculated by c-extremization formalism and also equals to the macro-
scopic entropy.
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♣ Summary:

Black String - Black Ring

? ?

AdS3
- AdS2×S1(locally AdS3)

Boost
Compactification

NH NH

? ?

Isometry Isometry

SL(2, R)L×SL(2, R)R SL(2, R)L×U(1)-

? ? ?

?

c.ext. c.ext.
Kerr/CFTcL cR c(c)=cL

c(K)=cL
? ?

CIJKp
IpJpK+c2Ip

I CIJKp
IpJpK+1

2
c2Ip

I

? ?

S(c)
mic=S(K)

mic =Smac
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Thank you for your attention
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