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2d CFT

In 2d, scale invariance - conformal invariance.

Any unitary theory with a discrete spectrum and invariant
under translations, Lorentz transformations and scaling has an
enlarged SL(2,R) x SL(2,R) global symmetry group and local
symmetries given by two copies of centrally extended
Virasoro algebra.

Adding modular invariance gives Cardy's formula.
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Modular Invariance

The modular S-fransformation implies | Z(7,7) = Z(—%,—%)-

At ©=0, this relates the behavior of partition function at high
and low T. In this regimes, the free energy for generic CFIs is
universal and depends only on c. For holographic CFTs, this
universal behavior extends to self dual temperature, B =2 7.

For large Lo & Ly charges and fixed central charges, entropy is

SCcFT = 27“ / %Lo 4+ 27r\ / %Eo .

This matches with Bekenstein-Hawking of AdS; black hole.
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Beyond AdS

Flat spacetimes
de Sitter spacetimes
Kerr/CFT

Lifshitz and Hyperscaling violating geometries (AdS/CMT)

Little is known about the dual field theories
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Warped Conformal Field Theory

A 2d QFT with a chiral scaling symmetry that acts only on right
movers =~ — Az~ , in contrast to CFTs which have a second
independent scaling symmetry z+ — Az ™.

They don't satisfy the Brown-Henneaux’'s Boundary condition.

A 2d translational-invariant theory with a chiral scaling
symmetry must have an extended local algebra.

CFT: The usual CFT with two WCFT: One Virasoro algebra

copies of Virasoro algebra plus a U(1) Kac-Moody

SL(2,R) x SL(2.R) algebra - WCFT with
SL(2,R) x U(1)
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Local symmetries

The local symmetries include two arbitrary functions worth
of freedom in coordinate fransformation

r — f(z7), zt =zt —g(z7)

These symmetries lead to a new type of modular
transformation on the torus.

Applied to finite T partition function, modular
transformation relates thermodynamical quantities at low
rotation to those at high rotation:s.
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Asymptotic entropy

47 Py Pyoe Pyoc)? P2
Swopr = ———0 +4W\/_ (LSGC_ o ) (LO_ TO)

k k

L, is the charge associated to SL(2,R).
P, is the U(1) charge.

c and k are the central extensions of Virasoro + Kac-Moody
algebra.

2 2
Modular transformation > | Z(3,6) = k55 7 (223,_4;?)



Conformal Field Theory and its Applications - IPM 10/24/16

Holographic WCFTs

The near horizon geometry of every extremal black hole in any
dimension has the global SL(2,R)x U(1) symmetry.

Examples: The near horizon geometry of the extremal 4d Kerr
black hole at the fixed polar angle.

The deformation of AdS; changes the asymptotic but preserves
SL(2,R) x U(1) symmetry.

Non-Einstein theories such as TMG and NMG.
Asymptotic symmetry group (ASG) in TMG spacetime—-> one

Virasoro algebra, one U(1)current algebra extending the exact
isometries > WCFT

10



Conformal Field Theory and its Applications - IPM

10/21/16

Algebra

The symmetry structure in a 2d Lorentzian theory with
SL(2,R)xU(1), global invariance - right moving energy
momentum tensor and a right moving U(1) Kac-Moody current.

The commutators on the plane are:

ille, Te] = Tec—ge+ @ / dz~ ("¢ — ")

. k .,
i(PoPsl = & / dz~ (x4 —

i[Te,P] = Py

V')

1 B _
T5:—2—7r/d:1: E(z7)T(z7) P =

1 _ _ _
o / dz~ x(z)P(z")

11
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Algebra

By a change of coordinate z~ =€

and picking test function W

the commutators on the cylinder are £n = (z7)" = ein®
[Lna Lm (n — ‘m)Ln+m 12 n(n—1)(n+ 1)dp4m
. k
[Pn, .Pm §n0n+m
[Ln.e pm _'mpm+n.
Where L, =iT, , P,=P,,

12
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The commutation relations imply the following infinitesimal fransformations

of energy momentum tensor and current

5.T(z") = —e(x_)a_T(m_)—28_6(2:_)T(m_)—%336
5, T(z") = —d_~y(z")P(z")

5.P(z”) = —e(z7)d_P(z")—d_e(z")P(z")
5,P(x7) = 504(z)

Where one defined  |0eqy = 8¢ + 6y = —i[Te, | —i[ Py, ]

13
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Phase Transitions

Hawking and Page - Thermal radiation in AdS beyond
certain temperature leads to formation of a black hole. In the
AdS/CFT picture it Is dual to confining/deconfining phase
transition at high T.

The partition function is

Z(T,’J_’) _ Tl‘ z‘rLo 27 z‘rLo 2 = El?(é 4+ 2t)

Z(T) ~ f’Dge“kS[g] T = 5= (e + i3)

— _kSc . — c e — - T.T
Z(T,T)NZE [g].’ A_ﬁ 16_G>>0 Z(T,T):e‘sG(’).

dc

14
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Warped AdS; black holes

Squashed three sphere obtained by deforming AdS,
9w Ads = Gadss — 2H?E ® &

H2 is a deformation parameter and £ # is a constant norm
Killing vector of SL(2,R) isometry group of AdS,.

The resulting geometry possesses an SL(2,R)x U(1) isometry
group and for £2=-1, 1, 0, it is timelike, spacelike or Null
Warped AdS,.

15
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Warped Solutions

Spacelike WAdS,; black hole = £2= 1

ds? di2 Ay —
=t =) (2v# — V77— (7 +3) ) dTdo
+ % (3(1/2 — )i+ W+ 3) (g + ) — At (2 + 3))

Timelike WAdJS; solution = &2 =-1

ds? = —dt* — awrdtdd +

['2(11‘2 (27"2 2 f2

— _ ) T 2
(2r2(w262 + 1) +202r)  \ 2 (© 1) 2')d¢ :

16
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Boundary conditions

The boundary conditions are preserved by following set of
diffeomorphisms:

£n

pn = €™op.

e™d, — inre™ 9,

This generates a centerless Virasoro-Kac-Moody U(1) algebra
z[[n fm] = (n — m‘)fn-{-m 3 i[£n,~pm] = —mM Ppn+m 2’-[pn,pm] =0.
with the corresponding canonical charges

Ly :=Qq, , P = Qp,
17
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Topological Massive Gravity

10/22/1

6

Einstein-Hilbert action plus a gravitational Chern-Simons term

S = L d*z/—g(

167

1 1 3 avre (o 1o
R—Ql\)-\l'w—ﬂ_z dl‘\/—gf "l"/\a (d#rpu+

z I‘O I'"T

3 BT vp

)

« is a Chern-Simons coupling and is positive

The equation of

where

motion is
1 1

C,w = Gpasva (R,Bu - EI'QSVR)

18
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Warped AdS; black holes in grand

canonical ensemble
dsjy prz = dshry —2H*¢ ® ¢

r2dr?

10/25/16

v =

2
dspry = (SM - ';) dt* — +8J dt d¢ + r*d¢?
e 2 8Mr? — ot — 162 ¢rrde
e = L (~ai+0,
=&\ or=n %+ %)
"2 Hz(_r2—4.l+8ﬂf)2 : H2(4J—7‘2)(—7‘2—4J+8A'I)
1
! 167% 4r2—8M 0
) H2(4J—r2)(—r2—4.]+81ﬂ) 9 H2(4J—r2)2
\ 4 - A(M=7) 0 r? — =T

19
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Change of boundary conditions

The change of coordinate is charge-dependent, so

[2 B S . |
gr = 3T O(r™), g4t =dpsr" +hpyr? + foy, 94— = (5 +j4-)r* +0(1)
9—— = f\ ger=0(1/r), g-r=0(1/r%).

- P2 - P2

Po:=Qa,, = TO, Lo:=Qs, = Lo— TO
= CR s CL
Lva,c — pvac - ——
0 24" 0 24’

20



Conformal Field Theory and its Applications - IPM 10/23/16

Vacuum Solutions

Godel Spacetime

ds® = —dt? — dwrdtdd +

£2dr? ( 22

“r 202 o 2
(2r2(w262 + 1) + 2027)  \ £2 (W™ —1) 27)d¢ :

m? — (198~ 2) \ — (Nt 280%2 — 4)

22 202(10w%2 — 2)

21
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Warped AdS; black holes in

quadratic ensemble

dg? ) dr?
2 = dt” + 2 |
! P +3)(r—ra)(r—1)

+£ [3(1/'2 —1)r+ (1/'2 +3)(ry +7r_) —dvror_(V2 + 3)] d:pQ.

+ (2ur — /ror_(v2 + 3))dtdy

2 (2002 — 3) m?(4v? — 4802 + 9)
m- = — —3 . A=-— 5 5 .
21 (2002 — 3)

v 2 >1 - spacelike streched
v 2<1 - spacelike squashed

=1 2> locally AdS; space (BTZ bh)

10/23/16
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Calculating conserved charges

ADT Formalism
The SL(2,R) reduction method

The Solution Phase Space Method
arXiv:1601.04403, arXiv:1512.05584

23
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Giblbs Free Energy

To study the stability in the grand canonical ensemble, we find
the Giblbs free energy for black hole and vacuum as

G(T,) =TS]g.] G=M-TS—-QJ.
Sg[AdS(T)] = ii;rl (et — éT) e, ¢ = %I (1 + ﬁ) Gads = —% (1 - %) .
dshrz [—ﬂ = ds45(7] Se|BTZ(r)] = —% (; - 2)
R ()
GAYS(T, Q) = —% (1 - %)

24
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Hessian and free energy

The hessian is defied as

8¢  8%a

_ | ar? @roqa
H = > A

8¢ %G

oNaT o0+

Also the Gibbs free energy of warped solutions are

3—4H? -
244/1 — 2H?

w2T? (3 — 4H? + Q)
C6VI—2HZ(1-02)

Gwaas(T,2) = —

Gwprz(T,2) =

10/25/16

25
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Phase fransitions of AdS; black hole

AG = Gpgs — Gprz

0 = e
- . w
BTZ BTZ BTZ
“» » o
1 rask - resfl
aw} - enl
- \
A4S ; st AdS - - AfiS
“ !
1] 1MWE N N l: g, M M 1
s " ] i -19 T3 [T [ T} -9 3 M) [ )
a a a

(a) GR limit, e.g. g = 50

b) Stretched-squashed limit (c) Local stability limit g <1
pn=23
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Phase transifions of Warped AdS;

0T T T 0 awf T T = onf
oasl. 1 sl N el
oaef 1l el X anll
X "
T oask 1 rask - roesf
MCL- L35 - ek
s WA Wi |- WS
oesk 1 sk L et
L ‘ ! |
| | |
ook, . . 4 wef . . L wnf, . . 2
-1 a5 W s ] -13 T3 m o 4 -1 =3 m o 9
n a a

a) Flat space limit H2 = —3 or (b) Stretched-squashed limit (c) Local stability limit H? < 2
2z 2
p=36and A <0 H?=0orp=3and A = -1 orp > 0and A < —2/3
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Bergshoeff-Hohm-Townsend theory

S =

1

1 3 .
3 — - T LV Y p2
167Gy / d'zy g[R A+ (R By = gH )]

: ) 1
Ky = V*Ru —

1

Ry, — 5

=Ry + Aguy + -

(VuVyR + g V?R) — 4R R,y +

1

9

2

1
—5 K = 0.

1
9uv (3R0'3Ra13 -

13
8

)
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Conserved charges in grand

canonical ensemble

H2(ALT—r2)(—r2—ALT+8I12 M)

r2  H2(—r2—-41J+812M)? ,.
—E ABIM—T) +8M 0 4J — A7)
1
Juv = 0 16J?_+%?.—8M 0
H2(4lJ—r2)(—r2—4LJ+812M) 9 H2(4J1-r2)?
4J — A2(IM—1J) 0 L 1117,V g
oat L - v 6 (1 2H?)*? M ;11— 2H?)%? J
. ~ TGL (17 — 42H7) - TG (IT-42HY)
T
0.2 1
e 16’\'( )HQ 3/2
0.1} H _ 2 M2 252
| s = 0(1._42112 \/1 M 4+ BM2 - 2.
ook . .
-10 -05 0.0 05 1.0

29



Conformal Field Theory and its Applications - IPM 10/19/16

Hawking Page Phase diagrams of BTZ

BH In grand canonical ensemble

Ay i
| ] .
03r ! 03r BIZ
BTZ
T 02} 1 T 02}
0.1} 1 0.1}
L g i 4 L Ads
[ AdS ] |
0-0'1 PR SR S SR S SR SR W'Y PR S S S S S S S ‘1" 0-0'| P S S S S SR T S P S S S SR S S N S
-10 -05 00 05 10 -10 -05 0.0 05 10
0 0
m = 1.05. m = 10.
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Warped BTZ BH in guadratic hon-local

ensemble
ds? 2 dr?
2 (24 3)(r—ry)(r—r2)

+ (2ur — Vrir—(v2 + 3))dtdyp

r .
+7[30° = Or+ (2 + 3)(ry +7-) — wV/ror— (07 £ 3)| dg?.
2'0 i ' ' ] 2'0 [ /
15}
[ WBIZ WAdS
T 1.03
osf v=0.387
= WBTZ
00k . — < 1
-2 -1 0 1 2
B a
The phase diagram for v = 0.387. The phase diagram for different v.
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Phase diagram of hairy BH solution

20F : . . 20F
15} : 15t 4 4 .
T 10} | - T 10}
05} | | - 05t 3 3
ook . . £ vl o ) ook .
-10 -05 00 05 10 -10 -05 00 05 10
0 Q
The local stable region for b = 20. The phase diagram for b = 20.
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Entanglement Entropy (EE) of Warped

CFTs

The EE of a single interval in the vacuum of 2d CFT on the cylinder

IS :
c L | =t
SEE = - log (E sSin T)

3

L is the length of circle and £ is the length of the interval.

Using Warped CFT techniques, the analogous formula is
covaen (L F vac L . =t
Seg = iPy™( (f — ?) —4L5* log (7re sin — )

Where L and [ are identifications of the circle and g and
are separations in space and time.

The first term is independent of the Renyi replica index.
33
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EE for the CFT, dual fo AdS; in NMG

For the NMG case, the Virasoro and Kac-Moody operators are

pé"ac) — M(vac)’ Eg\'ac) — %(M\'&C)Q
4020

(vac) — g —_— 4
gt iMGod = — gz — 3y

So the entanglement entropy is

40%° L £ 20%w L . =t
SEE = Gora? —3) (f (Z B F) t TP 8 (ES“‘ L )) |
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