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Brane World

• The standard model and general relativity describe our
universe very well, by considering it as four dimensional
space time. However; they contain shortcomings such as
hierarchy problem.

• One can imagine that our four-dimensional world as a
brane-world or a surface layer in a five-dimensional bulk.

• Domain-wall brane model building, From chirality to cosmology,
Damien George,(2008)
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Domain Walls as a Brane

• Generally, the necessary condition of almost all extra-
dimensional models is one or more background scalar
fields.

• Domain Walls  forms as solution of scalar 
field (a kink).
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Domain-wall brane model building, 
From chirality to cosmology, Damien 
George,(2008)



Soliton models for the brane

• A domain-wall is a (thin) region separating two vacua.
• The field 𝜑𝜑 interpolates between two vacua as one moves

along the extra dimension.
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Thick Brane Formalism

• It would be quite valuable to investigate new models
of the barne worlds which contain various kinds of
potential for scalar field.

• The line element of the five-dimensional space-time 
can be written:
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• Whenever gµν and ϕ depend only on w, the 5-
dimensional gravitational and scalar field equations
take the form:

where the prime denotes a derivatives with respect to 
w.
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• In order to obtain a first-order equation, we introduce 
an auxiliary function W  according to some references, 
which demands:

While V (𝜑𝜑) takes the following form :
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• Moreover, it is also interesting to calculate the geodesic
equation along the fifth dimension in a thick brane, in order
to investigate the particle motion near the brane. To this end,
we start with the geodesic equation:

Which eventually leads to : 

Where



Sine-Gordon-based model

• The self-interaction potential of Sine-Gordon (SG) is:

• here a and b are free parameters of the model. The SG 
system has the following exact static kink solution :
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• The corresponding potential for this model to support the 
is given by:

• Notice that this potential has two series
nondegeneratevacuua, as in the DSG (double sine-Go
system potential. However, in the limit of b≫a these vacuu
to the same value (become degenerate).

• In the limits of 𝑤𝑤 → ±∞, the Ricci scalar becomes:
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The geodesic equation 

• The confining gravitational field of the brane is best observ
looking at the geodesic equation of a test particle moving o
the direction of the extra dimension, which is given by:

• If interpreted as a quantum oscillator, one can assign an e
to each quantum state given by 𝐸𝐸𝑛𝑛 = (𝑛𝑛 + 1/2)ℏ𝜔𝜔 ,where:
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𝝋𝝋𝟒𝟒-based model 

• For the 𝜑𝜑4-based model, we have :

• Where 𝛼𝛼and 𝛽𝛽are constants. The kink solution reads:
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• The modified potential is obtained as:



The geodesic equation

• The geodesic equation for a test particle moving in the 
direction of the fth dimension one obtains: 

• which corresponds to a linearized quantum mode of 
energy:
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𝝋𝝋𝟔𝟔-based model 

• For the 𝜑𝜑6-based model, we have :

• and as a result, the kink solution is given by :

• 𝛼𝛼 and 𝛽𝛽 are constant as well.
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• Thus, for the 𝜑𝜑6 system the self-interaction potenti
form:



The geodesic equation

• which leads to the following geodesic equation:

• The quantum mode energy is thus given by:
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Brane stability

• We choose an “axial gauge” where the metric is perturbed as,
study the stability of the branes:

• Where 𝜀𝜀 and ℎ𝜇𝜇𝜇𝜇 represent a small parameter and the metric  
perturbations respectively.

• The corresponding Schrodinger equation takes the form:
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• where the potential is given by:

• Note that is a cosmological constant on the brane, which c
be positive, negative or zero corresponding to the 4D space
being de Sitter (𝑑𝑑𝑑𝑑4), anti-de Sitter (𝐴𝐴𝐴𝐴𝐴𝐴4)or Minkowski
respectively.

• The corresponding potentials for the SG, 𝜑𝜑4 and 𝜑𝜑6 system
calculated to be:
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The coefficient of the 𝑧𝑧2 term in
the potential of the linearized
Schrodinger equation as a
function of the free parameters a
and b for the SG system. Negative
values correspond to a first order
instability.
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The coefficient of the 𝑧𝑧2 term in
the potential of the linearized
Schrodinger equation as a function
of the free parameters 𝛼𝛼 and 𝛽𝛽for
the 𝜑𝜑4 system. The coefficient is
everywhere positive, signaling
linear stability.
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The coefficient of the 𝑧𝑧2 term in
the potential of the linearized
Schrodinger equation as a function
of the free parameters 𝛼𝛼and 𝛽𝛽for
the 𝜑𝜑6 system. Negative values
correspond to a first order
instability. There are also vast
patches in the parameter space
which have almost neutral
stability.
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Conclusion

The confining effect of the scalar field in all these three 
models were confirmed by examining the geodesic 
equation for a test particle moving normal to the brane.

In particular, it turns out that the modified potential for
system resembles that of the double sine-Gordon (DSG)
while those of 𝜑𝜑4 and 𝜑𝜑6 became 𝜑𝜑6 and 𝜑𝜑8 , respectively.

We considered the limiting case in which the brane
tends to zero thickness and approaches a thin brane. It
should be noted that the topological stability of the
soliton brane remains valid even in this limit (at least at
the classical level).
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ھرگز دل من ز علم محروم نشد 
کم ماند ز اسرار کھ معلوم نشد
ھفتاد و دو سال فکر کردم شب و روز 

نشدمعلومم شد کھ ھیچ معلوم 

Never my heart deprived of 
knowledge
Few secrets were not divulged
Foe seventy two years I pondered 
day and night
Only to know that I know nothing

Thank You
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Omar Khayyám (/ˈoʊmɑr kaɪˈjɑːm, -ˈjæm, ˈoʊmər/;
Persian: ىنیشابورخیامابراھیمعمرابوالفتحغیاث الدین ,
pronounced [xæjˈjɒːm]; 18 May 1048 – 4 December
1131), was a Persian mathematician, astronomer,
philosopher, and poet. He also wrote treatises on
mechanics, geography, mineralogy and music.
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