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Lecture 1: 

  

-Entanglement entropy (definitions and basic properties)  

- EE and Renyi entropy (REE): methods of computations in free 

QFT's (spectral geometry and etc) 

 

Lecture 2: 

 

-Holographic EE (HEE)  

- motivations for HEE  

- HEE: how it works  

- HEE and conformal anomalies  

 

Lecture 3: 

 

- Bekenstein-Hawking entropy of black holes 

- Entanglement in Emergent gravity  

- Entropic gravity 

 

 

Plan of lectures 



entanglement has to do with quantum gravity: 

● possible source of the entropy of a black hole (states inside and outside 

the horizon); 

 

● d=4 supersymmetric BH’s are equivalent to 2, 3,… qubit systems 

 

● entanglement entropy allows a holographic interpretation for CFT’s with 

AdS duals 



Toward a holographic description of 

Entanglement Entropy in CFT’s  



‘Holography in a nutshell’ 
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Holographic Formula for Entanglement 

Entropy (n=1) 
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Ryu and Takayanagi, 

hep-th/0603001, 0605073 

entropy of entanglement is measured in terms of the 
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The holographic formula at work 



strong subadditivity: 
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entanglement in 2D CFT 

1ln sin
3

Lc L
S

a L





 
  

 

ground state entanglement for a 

system on a circle 

 

1L is the length of  

c – is a central charge 



example in d=2: 

CFT on a circle  

- AdS radius 

A is the length of the  

geodesic in AdS 

- UV cutoff 

-holographic formula reproduces 

the entropy for a ground state 

entanglement  

- central charge in d=2 CFT  
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a CFT on a circle at a finite temperature 

and BTZ black hole 

Euclidean BTZ black hole 



Consider the entanglement entropy for N=4 super Yang-Mills in 

d=4           

 

 5AdS

The holographic formula at work: higher 

dimensions 

( 1)

volume of 

( )

4

( ) ;






D

N

A B
S

G

A B B



a simple example: entanglement of a strip 
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the Plateau Problem  
(Joseph Plateau, 1801-1883) 

It is a problem of finding a least area surface (minimal surface) 

for a given boundary  

soap films: 
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- the mean curvature 

- surface tension 

-pressure difference across the film 

- equilibrium equation 



the Plateau Problem  
 

simple surfaces 

The structure of part of a DNA is double helix  

catenoid is a three-dimensional shape made by rotating  

a catenary curve (discovered by L.Euler in 1744) 

  

helicoid is a ruled surface, meaning that it is a trace of a line  

http://en.wikipedia.org/wiki/Image:DNA_Overview.png
http://en.wikipedia.org/wiki/Dimension
http://en.wikipedia.org/wiki/Shape
http://en.wikipedia.org/wiki/Catenary
http://en.wikipedia.org/wiki/Curve
http://en.wikipedia.org/wiki/Ruled_surface


the Plateau Problem  
 

Costa’s surface (1982) 

other embedded surfaces (without self intersections) 



the Plateau Problem  
 

there are no unique solutions in general (especially 

for non-trivial boundaries!)  



 is a holographic surface in the bulk;  

 belongs to conformal class of ;

asymptotically AdS solution to:

Fefferman-Graham (FG) ex

1 3
0

22

2 -2 2
( ( , ) ),

 





  

  



 

MN MN MN

M N

MN

M

R R g g
l

ds g dx dx z dz g z x dx dx

B

B B

pansion in 4

2
1

( , ) ( )
2 6

...   



  
 

 
 

d

z
g z x g x R g R

Asymptotics at AdS  



FG expansion for the area of a minimal surface 

Let  be a minimal codimension 2 hypersurface in , (  conformal to )

one needs to find an analog of FG expansion for the metric on 
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FG expansion (continued) 
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Holographic entanglement entropy 
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‘derivation’ of holographic entanglement entropy:  

 
D.F. JHEP 0609 (2006) 018,  e-Print: hep-th/0606184 

 

an attempt to find more arguments 
 

 

Why ‘derivation’ of Ryu-Takayanagi  formula is important? 

 

- practical issues like its modifications by quantum corrections and etc; 

- fundamental issues like understanding entanglement entropy  

in quantum gravity  



the idea of origin of the holographic formula  
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problems with these arguments: 

1. The derivation does not reproduce the entanglement Renyi entropy (M. 

Headrick, Phys. Rev. D82 (2010) 126010, arXiv: 1006.0047[hep-th]); 

 

2. Bulk manifolds with conical singularities cannot be stationary 

configurations of the AdS partition function (M. Headrick,…); 

 

3. The behavior of string theory on singular manifolds is not known; 

 

4. Path integral integral representation of the Renyi entropy for non-integer  

index (n -> 1) requires certain conditions which are not always satisfied 

(H.Cassini, M.Huerta, arXiv: 1203.4007[hep-th]); 

 

5. ….. 



We try to understand better the origin of RT 

formula by studying holographic entanglement 

Renyi entropy (ERE) 



                                             Lecture I:

 in general,   cannot be represented as an analogous evolution operator 

(for non-integer ),  

 there may not exist a geometrical construction

ˆ





  of a 

background manifold with conical singularities which corresponds to   

modular Hamiltonian is a non-local operator

ˆTr 





we do not assume path integral representation for non-integer ,

or corresponding background geometries 

we use the following method: do computations for integer  and  

consider an analytical continuati
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on  (see, e.g. S.N. Solodukhin and 
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holographic representation of ERE may exist for integer indexes since 

ERE is represented in terms of partition functions and there is no problem 

with path integral representation of the reduced density matrix 



We use a bottom-up approach to holographic ERE : 

by trying reconstruct bulk quantities from boundary ones 

 

conditions: 

 

-holographic ERE is a functional set on a minimal surface; 

 

-bulk geometry where the minimal surface is lying 

does not depend on the Renyi index (at least locally) – same  

property as for the boundary geometry; 

 

  

 

 



Holographic Renyi Entropy (a suggestion) 
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the coupling)
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Asymptotics at AdS  
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Asymptotics at AdS  
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the 3d functional,  is not independent (Gauss-Codazzi eq.),BR



derivation of holographic ERE: same approach  
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partition function for 

Renyi entropy of ordrer 
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quantum effective action is well defined on manifolds with conical  

singularities, classical action is not, unless it is linear in curvature; 

 

local part of quantum action is a polynomial in index n 



bulk gravity action on singular backgrounds: 

is an effective (not classical) action,

contribution of conical  singularities in the effective action at has 

a "non-classical" form (experience with one-loop computations)
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more on variation procedure: 

strictly speaking for the holographic Renyi entropy one should

choose a surface    which extremizes the functional 

 is not minimal, but one expects that 

correction
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singular manifolds in semiclassical approximation of holographic 

partition function: 
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avity two sets can be joined since the Einstein action 

is well-defined in the presence of conical singularities);

therefore, one should look for the saddle point approximation insisde

a class of singular manifolds, then a singular manifold should be an extremum

without matter sources

it is an open question if regular manifolds in the bulk with singular b.c. 

may be relevant as well



To summarize: 

There is a ‘scenario’ for a holographic formula of entanglement Renyi entropy 

which allows “n -> 1” limit and yields holographic entanglement entropy 

 



thank you for attention 


