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Greek Philosophers:      Claudius Ptolemy (Physics of Aristotle)!

!                             Model: Earth-centered Cosmology

!                             Big Idea: Different laws for Earth and the cosmos

Cosmology had  3 scientific revolutions in history

16th Century:                Nicolaus Copernicus (Physics of Newton) !!

                                Model: Sun-centered Cosmology

! !       Big Idea: Universal physics; same laws everywhere

20th Century:            Edwin Hubble (Physics of Einstein)

!                 Model: Big Bang Cosmology 

! !    Big Idea: Universe is changing, evolving

Our View of the Cosmos - the 

story of scientific models
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The first cosmological models
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Golden Age of Cosmology

Planck Website
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 Facts and Goals
• Selected by ESA in 1996. 

• To measure the CMB  temperature anisotropy + 
polarizations of CMB to study the physics of early 
universe cosmology. 

                     

• Planck  is launched on 14 May 2009 with 
Herschel and reached in L2 orbit after two 
months.

• Planck had full scan of sky survey every 6 months.  
Two full sky coverage completed by November 
2010.  Four full sky coverage by Jan 2012.  

• First data released 2013.

700 million  euro for Planck
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Planck is the third generation CMB space observations

1992 2003 2013

• It has higher resolution (×3), 5-30 arc min.

• It has higher sensitivity (×10), micro Kelvin.

• It observes in 9 frequency bands rather than 
5, with the goal of improving the 
astrophysical foreground models.

WMAP

Planck
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The Standard Model of Cosmology

• Precise observations during last two decades led 
to Standard Model of Cosmology, LCDM, which 
fits a host of data with a handful of free 
parameters

• Ordinary Atoms:(Baryons) 5%

• Dark Matter: 27%

• Dark Energy: 68%

• Spatial Curvature ~ 0

The LCDM is defined with 6 free parameters:

Ωb Ωc ΩΛ

ns ΔR2

τ re-ionazation optical depth

fractions of energy density for baryons, CDM and dark energy

The amplitude of perturbations and their scale-dependence
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Temperature anisotropy  power spectrum 
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Degeneracy with the parameters

CMB:   dynamical + geometric

BAO:  geometric

The combination of Planck with BAO and 
WMAP polarization can break the degeneracy
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The Universe is flat better than 1%.

This is consistent with basic predictions of inflation in which 

Planck Collaboration: Constraints on inflation 13

Model Parameter Planck+WP Planck+WP+lensing Planck+WP+high-! Planck+WP+BAO

!CDM + dns/d ln k

ns 0.9561 ± 0.0080 0.9615 ± 0.0072 0.9548 ± 0.0073 0.9596 ± 0.0063
dns/d ln k !0.0134 ± 0.0090 !0.0094 ± 0.0085 !0.0149 ± 0.0085 !0.0130 ± 0.0090

!2" lnLmax -1.50 -0.77 -2.95 -1.45

+ d2ns/d ln k2

ns 0.9514+0.087
!0.090 0.9573+0.077

!0.079 0.9476+0.086
!0.088 0.9568+0.068

!0.063
!CDM + dns/d ln k dns/d ln k 0.001+0.016

!0.014 0.006+0.015
!0.014 0.001+0.013

!0.014 0.000+0.016
!0.013

d2ns/d ln k2 0.020+0.016
!0.015 0.019+0.018

!0.014 0.022+0.016
!0.013 0.017+0.016

!0.014

!2" lnLmax -2.65 -2.14 -5.42 -2.40

!CDM + r + dns/d ln k

ns 0.9583 ± 0.0081 0.9633 ± 0.0072 0.9570 ± 0.0075 0.9607 ± 0.0063
r < 0.25 < 0.26 < 0.23 < 0.25

dns/d ln k 0.021 ± 0.012 0.017 ± 0.012 !0.022+0.011
!0.010 !0.021+0.012

+0.010

!2" lnLmax -1.53 -0.26 -3.25 -1.5

Table 5. Constraints on the primordial perturbation parameters for !CDM+dns/d ln k, !CDM+dns/d ln k+r and
!CDM+dns/d ln k+d2ns/d ln k2 models from Planck combined with other data sets. Constraints on the spectral index and its de-
pendence on the wavelength are given at the pivot scale of k" = 0.05 Mpc!1.

Fig. 3. Marginalized joint 68% and 95% CL regions for
(d2ns/d ln k2 , dns/d ln k) using Planck+WP+BAO.

count (McAllister et al., 2010) giving the potential

V(") = µ3" + !4 cos
!
"

f

"
. (46)

4.4. Open inflation

Most models of inflation predict a nearly flat spatial geome-
try with small deviations from perfect spatial flatness of order
|#K | # 10!5. Curvature fluctuations may be regarded as local
fluctuations in the spatial curvature, and even in models of infla-
tion where the perturbations are calculated about a spatially flat
background, the spatial curvature on the largest scales accessible
to observation now are subject to fluctuations from perfect spa-
tial flatness (i.e., #K = 0). This prediction for this fluctuation is
calculated by simply extrapolating the power law spectrum to the
largest scale accessible today, so that #K as probed by the CMB
roughly represents the local curvature fluctuation averaged over
our (causal) horizon volume. Although it has sometimes been
claimed that spatial flatness is a firm prediction of inflation, it

Fig. 4. Marginalized joint 68% and 95% CL regions for (r , ns),
using Planck+WP+BAO with and without a running spectral in-
dex.

was realized early on that spatial flatness is not an inexorable
consequence of inflation, and large amounts of spatial curvature
(i.e., large compared to the above prediction) can be introduced
in a precise way while retaining all the advantages of inflation
(Gott, 1982; Gott & Statler, 1984) through bubble nucleation by
false vacuum decay (Coleman & De Luccia, 1980). This pro-
posal gained credence when it was shown how to calculate the
perturbations in this model around and beyond the curvature
scale (Bucher et al., 1995; Bucher & Turok, 1995; Yamamoto
et al., 1995; Tanaka & Sasaki, 1994). See also (Ratra & Peebles,
1995, 1994; Lyth & Stewart, 1990). For more refined later cal-
culations see for example Garriga et al. (1998, 1999); Gratton &
Turok (1999) and references therein. For predictions of the ten-
sor perturbations see for example Bucher & Cohn (1997); Sasaki
et al. (1997); Hertog & Turok (2000).

An interesting proposal using singular instantons and not
requiring a false vaccum may be found in Hawking & Turok
(1998), and for calculations of the resulting perturbation spectra
see (Hertog & Turok, 2000; Gratton et al., 2000). Models of this
sort have been studied more recently in the context of the string
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Planck and BBN

Big Bang Nucleosynthesis is the first observational evidence for FRW cosmology. It 
takes place at  T ~ MeV  at t~ 1 min. 

Thursday, May 23, 2013



Dark Energy

The simplest explanation for Dark Energy is the 
cosmological constant, or vacuum energy.

Dynamical Dark Energy:

w(a) = w0 + wa (1- a)
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Particle Physics Parameters

No detection of change in time of 
fine structure constant 
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 Inflation, a brief review

In most models, inflation is derived by a scalar field, the inflaton. 

Baumann.

The necessary condition for inflation

!H2 + !̇H =
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3
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At the background inflation we turn on the quantum fluctuations 
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The curvature perturbation is 
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The curvature perturbation power spectrum is

The perturbations are   almost scale invariant,   
almost Gaussian  and   almost adiabatic
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The classifications of inflation

1- Large fields 

2- Small fields 

a)- Single field models 

b)- Multiple fields models 
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Constraints for inflation

Two key parameters are r and the spectral index ns.   From Planck and WP: 

The Planck data prefers models with   V’’ <0,   concave potentials
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Predictions for power law potential

Planck Collaboration: Constraints on inflation 9

HZ HZ + YP HZ + Ne! "CDM
105#bh2 2296 ± 24 2296 ± 23 2285 ± 23 2205 ± 28
104#ch2 1088 ± 13 1158 ± 20 1298 ± 43 1199 ± 27
100 !MC 1.04292 ± 0.00054 1.04439 ± 0.00063 1.04052 ± 0.00067 1.04131 ± 0.00063
" 0.125+0.016

!0.014 0.109+0.013
!0.014 0.105+0.014

!0.013 0.089+0.012
!0.014

ln
!
1010As

"
3.133+0.032

!0.028 3.137+0.027
!0.028 3.143+0.027

!0.026 3.089+0.024
!0.027

ns — — — 0.9603 ± 0.0073
Ne! — — 3.98 ± 0.19 —
YP — 0.3194 ± 0.013 — —
!2$ ln(Lmax) 27.9 2.2 2.8 0

Table 3. Constraints on cosmological parameters and best-fit !2$ ln(L) with respect to the standard "CDM model, using
Planck+WP data, testing the significance of the deviation from the HZ model.

Sampling the power spectrum parameters As, ns, and r is
not the only method for constraining slow roll inflation. Another
possibility is to sample the HFF in the analytic expressions for
the scalar and tensor power spectra (Stewart & Lyth, 1993; Gong
& Stewart, 2001; Leach et al., 2002). In the Appendix, we per-
form a comparison of slow-roll inflationary predictions by sam-
pling the HFF with Planck data, and show that the results ob-
tained in this way agree with those derived by sampling the
power spectrum parameters. This confirms similar studies with
previous data (Hamann et al., 2008c; Finelli et al., 2010).

The spectral index estimated from Planck+WP data is

ns = 0.9603 ± 0.0073. (32)

This tight bound on ns is crucial for constraining inflation. The
Planck constraint on r depends slightly on the pivot scale; we
adopt k" = 0.002 Mpc!1 to quote our result, with r0.002 < 0.12
at 95% CL. This bound improves on the most recent results,
including the WMAP 9-year constraint of r < 0.38 (Hinshaw
et al., 2012a), the WMAP7 + ACT limit of r < 0.28 (Sievers
et al., 2013), and the WMAP7 + SPT limit of r < 0.18 (Story
et al., 2012). The new bound from Planck is consistent with
the limit from temperature anisotropies alone (Knox & Turner,
1994). When a possible tensor component is included, the spec-
tral index from Planck+WP is not significantly changed, with
ns = 0.9624 ± 0.0075.

The Planck constraint on r corresponds to an upper bound
on the energy scale of inflation

V" =
3#2As

2
r M4

pl = (1.94 # 1016 GeV)4 r"
0.12

, (33)

at 95% CL. This is equivalent to an upper bound on the Hubble
parameter during inflation of H"/Mpl < 3.7 # 10!5. In terms of
slow-roll parameters, Planck+WP constraints imply $V < 0.008
at 95% CL, and %V = !0.010+0.005

!0.011.
The Planck results on ns and r are robust to the addition

of external data sets (see Table 4). When the high-& CMB
ACT+SPT data are added, we obtain ns = 0.9600 ± 0.0072 and
r0.002 < 0.11 at 95% CL. Including the Planck lensing likeli-
hood gives ns = 0.9653 ± 0.0069 and r0.002 < 0.13, and adding
BAO data gives ns = 0.9643 ± 0.0059 and r0.002 < 0.12. These
bounds are robust to the small changes in the polarization likeli-
hood at low multipoles. To test this robustness, instead of using
the WMAP polarization likelihood, we impose a Gaussian prior
" = 0.07 ± 0.013 to take into account small shifts due to un-
certainties in residual foreground contamination or instrument
systematics in the evaluation of ", as performed in Appendix B
of Planck Collaboration XVI (2013). We find at most a reduction
of 8% for the upper bound on r.

It is useful to plot the inflationary potentials in the ns–r plane
using the first two slow-roll parameters evaluated at the pivot
scale k" = 0.002 Mpc!1 (Dodelson et al., 1997). Given our ig-
norance of the details of the epoch of entropy generation, we
assume that the number of e-folds N" to the end of inflation lies
in the interval [50, 60]. This uncertainty is plotted for those po-
tentials predicting an exit from inflation without changing the
potential.

Fig. 1 shows the Planck constraints in the ns ! r plane and
indicates the predictions of a number of representative inflation-
ary potentials. The sensitivity of Planck data to high multipoles
removes the degeneracy between ns and r found using WMAP
data. Planck data favour models with a concave potential. As
shown in Fig. 1, most of the joint 95% allowed region lies be-
low the convex potential limit, and concave models with a red
tilt in the range [0.945-0.98] are allowed by Planck at 95% CL.
In the following we consider the status of several illustrative and
commonly discussed inflationary potentials in light of the Planck
observations.

Power law potential and chaotic inflation

The simplest class of inflationary models is characterized by a
single monomial potential of the form

V(') = (M4
pl

#
'

Mpl

$n
. (34)

This class of potentials includes the simplest chaotic models, in
which inflation starts from large values for the inflaton, ' > Mpl.
Inflation ends by violation of the slow-roll regime, and we as-
sume this occurs at $V = 1. According to Eqs. 5, 6, and 15,
this class of potentials predicts to lowest order in slow-roll pa-
rameters ns ! 1 $ !n(n + 2)M2

pl/'
2
", r $ 8n2M2

pl/'
2
", '2

" $
nM2

pl(4N" + n)/2. The ('4 model lies well outside of the joint
99.7% CL region in the ns ! r plane. This result confirms pre-
vious findings from e.g., Hinshaw et al. (2012a) in which this
model is well outside the 95% CL for the WMAP 9-year data
and is further excluded by CMB data at smaller scales.

The model with a quadratic potential, n = 2 (Linde, 1983),
often considered the simplest example for inflation, now lies
outside the joint 95% CL for the Planck+WP+high-& data for
N" ! 60 e-folds, as shown in Fig. 1.

A linear potential with n = 1 (McAllister et al., 2010), mo-
tivated by axion monodromy, has %V = 0 and lies within the
95% CL region. Inflation with n = 2/3 (Silverstein & Westphal,
2008), however, also motivated by axion monodromy, now lies
on the boundary of the joint 95% CL region. More permissive

The model with n=2 lies outside the joint Planck+WP+high L (95 % CL).

The model with n=4 lies well outside the joint 99.7 % CL.
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Sampling the power spectrum parameters As, ns, and r is
not the only method for constraining slow roll inflation. Another
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form a comparison of slow-roll inflationary predictions by sam-
pling the HFF with Planck data, and show that the results ob-
tained in this way agree with those derived by sampling the
power spectrum parameters. This confirms similar studies with
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The spectral index estimated from Planck+WP data is

ns = 0.9603 ± 0.0073. (32)

This tight bound on ns is crucial for constraining inflation. The
Planck constraint on r depends slightly on the pivot scale; we
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at 95% CL. This bound improves on the most recent results,
including the WMAP 9-year constraint of r < 0.38 (Hinshaw
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et al., 2012). The new bound from Planck is consistent with
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1994). When a possible tensor component is included, the spec-
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at 95% CL. This bound improves on the most recent results,
including the WMAP 9-year constraint of r < 0.38 (Hinshaw
et al., 2012a), the WMAP7 + ACT limit of r < 0.28 (Sievers
et al., 2013), and the WMAP7 + SPT limit of r < 0.18 (Story
et al., 2012). The new bound from Planck is consistent with
the limit from temperature anisotropies alone (Knox & Turner,
1994). When a possible tensor component is included, the spec-
tral index from Planck+WP is not significantly changed, with
ns = 0.9624 ± 0.0075.

The Planck constraint on r corresponds to an upper bound
on the energy scale of inflation

V" =
3#2As

2
r M4

pl = (1.94 # 1016 GeV)4 r"
0.12

, (33)

at 95% CL. This is equivalent to an upper bound on the Hubble
parameter during inflation of H"/Mpl < 3.7 # 10!5. In terms of
slow-roll parameters, Planck+WP constraints imply $V < 0.008
at 95% CL, and %V = !0.010+0.005

!0.011.
The Planck results on ns and r are robust to the addition

of external data sets (see Table 4). When the high-& CMB
ACT+SPT data are added, we obtain ns = 0.9600 ± 0.0072 and
r0.002 < 0.11 at 95% CL. Including the Planck lensing likeli-
hood gives ns = 0.9653 ± 0.0069 and r0.002 < 0.13, and adding
BAO data gives ns = 0.9643 ± 0.0059 and r0.002 < 0.12. These
bounds are robust to the small changes in the polarization likeli-
hood at low multipoles. To test this robustness, instead of using
the WMAP polarization likelihood, we impose a Gaussian prior
" = 0.07 ± 0.013 to take into account small shifts due to un-
certainties in residual foreground contamination or instrument
systematics in the evaluation of ", as performed in Appendix B
of Planck Collaboration XVI (2013). We find at most a reduction
of 8% for the upper bound on r.

It is useful to plot the inflationary potentials in the ns–r plane
using the first two slow-roll parameters evaluated at the pivot
scale k" = 0.002 Mpc!1 (Dodelson et al., 1997). Given our ig-
norance of the details of the epoch of entropy generation, we
assume that the number of e-folds N" to the end of inflation lies
in the interval [50, 60]. This uncertainty is plotted for those po-
tentials predicting an exit from inflation without changing the
potential.

Fig. 1 shows the Planck constraints in the ns ! r plane and
indicates the predictions of a number of representative inflation-
ary potentials. The sensitivity of Planck data to high multipoles
removes the degeneracy between ns and r found using WMAP
data. Planck data favour models with a concave potential. As
shown in Fig. 1, most of the joint 95% allowed region lies be-
low the convex potential limit, and concave models with a red
tilt in the range [0.945-0.98] are allowed by Planck at 95% CL.
In the following we consider the status of several illustrative and
commonly discussed inflationary potentials in light of the Planck
observations.

Power law potential and chaotic inflation

The simplest class of inflationary models is characterized by a
single monomial potential of the form

V(') = (M4
pl

#
'

Mpl

$n
. (34)

This class of potentials includes the simplest chaotic models, in
which inflation starts from large values for the inflaton, ' > Mpl.
Inflation ends by violation of the slow-roll regime, and we as-
sume this occurs at $V = 1. According to Eqs. 5, 6, and 15,
this class of potentials predicts to lowest order in slow-roll pa-
rameters ns ! 1 $ !n(n + 2)M2

pl/'
2
", r $ 8n2M2

pl/'
2
", '2

" $
nM2

pl(4N" + n)/2. The ('4 model lies well outside of the joint
99.7% CL region in the ns ! r plane. This result confirms pre-
vious findings from e.g., Hinshaw et al. (2012a) in which this
model is well outside the 95% CL for the WMAP 9-year data
and is further excluded by CMB data at smaller scales.

The model with a quadratic potential, n = 2 (Linde, 1983),
often considered the simplest example for inflation, now lies
outside the joint 95% CL for the Planck+WP+high-& data for
N" ! 60 e-folds, as shown in Fig. 1.

A linear potential with n = 1 (McAllister et al., 2010), mo-
tivated by axion monodromy, has %V = 0 and lies within the
95% CL region. Inflation with n = 2/3 (Silverstein & Westphal,
2008), however, also motivated by axion monodromy, now lies
on the boundary of the joint 95% CL region. More permissive
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Fig. 19.— Two-dimensional joint marginalized constraint (68%
and 95% CL) on the primordial tilt, ns, and the tensor-to-scalar
ratio, r, derived from the data combination of WMAP+BAO+H0.
The symbols show the predictions from “chaotic” inflation models
whose potential is given by V (!) ! !! (Linde 1983), with " =
4 (solid) and " = 2 (dashed) for single-field models, and " =
2 for multi-axion field models with # = 1/2 (dotted; Easther &
McAllister 2006).

culations of the SZ e!ect should be focused more on un-
derstanding the gas pressure profiles, both the amplitude
and the shape.

8. CONCLUSION

With the WMAP 7-year temperature and polarization
data, new measurements of H0 (Riess et al. 2009), and
improved large-scale structure data (Percival et al. 2009),
we have been able to rigorously test the standard cosmo-
logical model. The model continues to be an exquisite
fit to the existing data. Depending on the parameters,
we also use the other data sets such as the small-scale
CMB temperature power spectra (Brown et al. 2009; Re-
ichardt et al. 2009, for the primordial helium abundance),
the power spectrum of LRGs derived from SDSS (Reid
et al. 2009, for neutrino properties), the Type Ia super-
nova data (Hicken et al. 2009b, for dark energy), and the
time-delay distance to the lens system B1608+656 (Suyu
et al. 2009a, for dark energy and spatial curvature). The
combined data sets enable improved constraints over the
WMAP-only constraints on the cosmological parameters
presented in Larson et al. (2010) on physically-motivated
extensions of the standard model.
We summarize the most significant findings from our

analysis (also see Table 2, 3, and 4):

1. Gravitational waves and primordial power
spectrum. Our best estimate of the spectral index
of a power-law primordial power spectrum of curva-
ture perturbations is ns = 0.963±0.012 (68% CL).
We find no evidence for tensor modes: the 95% CL
limit is r < 0.24.29 There is no evidence for
the running spectral index, dns/d ln k = !0.022±
0.020 (68% CL). Given that the improvements on
ns, r, and dns/d ln k from the 5-year results are
modest, their implications for models of inflation
are similar to those discussed in Section 3.3 of Ko-
matsu et al. (2009b). Also see Kinney et al. (2008)

29 This is the 7-year WMAP+BAO+H0 limit. The 5-year
WMAP+BAO+SN limit was r < 0.22 (95% CL). For comparison,
the 7-year WMAP+BAO+SN limit is r < 0.20 (95% CL). These
limits do not include systematic errors in the supernova data.

and Finelli et al. (2009) for more recent surveys of
implications for inflation. In Figure 19, we compare
the 7-yearWMAP+BAO+H0 limits on ns and r to
the predictions from inflation models with mono-
mial potential, V (!) " !!.

2. Neutrino properties. Better determinations of
the amplitude of the third acoustic peak of the
temperature power spectrum and H0 have led to
improved limits on the total mass of neutrinos,
!

m" < 0.58 eV (95% CL), and the e!ective num-
ber of neutrino species, Ne! = 4.34+0.86

!0.88 (68% CL),
both of which are derived from WMAP+BAO+H0

without any information on the growth of struc-
ture. When BAO is replaced by the LRG power
spectrum, we find

!

m" < 0.44 eV (95% CL), and
the e!ective number of neutrino species, Ne! =
4.25+0.76

!0.80 (68% CL).

3. Primordial helium abundance. By combining
the WMAP data with the small-scale CMB data,
we have detected, by more than 3", a change in
the Silk damping on small angular scales (l ! 500)
due to the e!ect of primordial helium on the tem-
perature power spectrum. We find Yp = 0.326 ±
0.075 (68% CL). The astrophysical measurements
of helium abundance in stars or HII regions pro-
vide tight upper limits on Yp, whereas the CMB
data can be used to provide a lower limit. With
a conservative hard prior on Yp < 0.3, we find
0.23 < Yp < 0.3 (68% CL). Our detection of he-
lium at z # 1000 contradicts versions of the “cold
big bang model,” where most of the cosmological
helium is produced by the first generation of stars
(Aguirre 2000).

4. Parity violation. The 7-year polarization data
have significantly improved over the 5-year data.
This has led to a significantly improved limit on
the rotation angle of the polarization plane due to
potential parity-violating e!ects. Our best limit is
"# = !1.1"± 1.3" (statistical)± 1.5" (systematic)
(68% CL).

5. Axion dark matter. The 7-year
WMAP+BAO+H0 limit on the non-adiabatic
perturbations that are uncorrelated with curvature
perturbations, #0 < 0.077 (95% CL), constrains
the parameter space of axion dark matter in
the context of the misalignment scenario. It
continues to suggest that a future detection of
tensor-to-scalar ratio, r, at the level of r = 10!2

would require a fine-tuning of parameters such as
the misalignment angle, $ < 3$ 10!9, a significant
amount of entropy production between the QCD
phase transition and the big bang nucleosynthesis,
% < 0.9 $ 10!9, a super-Planckian axion decay
constant, fa > 2 $ 1026 GeV, an axion contribu-
tion to the matter density of the universe being
totally sub-dominant, or a combination of all
of the above with less tuning in each (also see
Section 3.6.3 of Komatsu et al. 2009b). The 7-year
WMAP+BAO+H0 limit on correlated isocur-
vature perturbations, which is relevant to the
curvaton dark matter, is #!1 < 0.0047 (95% CL).
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quantum mechanical back-reactions are calculated and are compared to each other. Brief conclusions and discussions
are followed in section VI.

While our work was finished the work by Lyth [21] appeared which has overlaps with our results. See also [22]
which appeared shortly after our work.

II. HYBRID INFLATION

Here we study the basics of hybrid inflation [3, 4] and the background field dynamics.

A. The Potential

The potential in standard hybrid inflation has the form

V (!, ") =
#

4

!
"2 ! M2

#

"2

+
1
2
m2!2 +

1
2
g2!2"2 , (1)

where ! is the inflaton field, " is the waterfall field and # and g are dimensionless couplings. The system has a
global minimum given by ! = 0 and " = M/

"
#. Inflation takes place for !c < ! < !i where !i is the initial

value of the inflaton field and !c = M/g is the critical value of ! where the waterfall field becomes instantaneously
massless. During inflation " is very heavy and is stuck to its instantaneous minimum " # 0. For ! <! c the waterfall
becomes tachyonic triggering an instability in the system which ends inflation abruptly. Soon after phase transition,
the systems settles down to its global minimum and inflation is followed by the (p)reheating phase.

As in Linde’s realization of hybrid inflation [3], we consider the limit where the inflation is dominated by the
vacuum. For this condition to hold one requires that

M2 $ #

g2
m2 . (2)

To solve the flatness and the horizon problem, we assume that inflation proceeds at least for about 60 number of
e-foldings. In the vacuum dominated limit the number of e-foldings is given by

Ne #
2$ M4

#m2
pm2

ln
!

!i

!c

"
, (3)

where m2
P = 1/G with G being the Newton’s constant. We assume that !i is few times !c so one can basically neglect

the logarithmic contribution above.
To get the correct amplitude of density perturbations, one has to satisfy the COBE normalization for the curvature

perturbations PR # 2% 10!9. The power spectrum of curvature perturbations is

PR =
128$

3m6
p

V 3

V 2
!

& g2

#3

M10

m6
p m4

, (4)

where the relevant quantities are calculated at the time of Hubble radius crossing (k = aH) at 60 e-folds before the
end of inflation. In this picture, it is assumed that the curvature perturbations are frozen once the modes of interest
leave the Hubble radius, as have been treated in conventional analysis of hybrid inflation so far. Our main goal in
this paper is to examine the validity of this assumption more closely.

We are interested in the limit where the waterfall field rolls rapidly to its global minimum once the instability is
triggered. For this to happen, the absolute value of the " mass should be much bigger than the Hubble expansion
rate during phase transition so

M3 ' #mm2
p . (5)

B. The Background Fields Dynamics

Here we study the classical evolutions of background fields ! and " during inflation and phase transition, see
also [5, 23, 24] where somewhat similar analysis were carried out too. In subsection V B we study the quantum
back-reactions to the the system in the Hartree approximation.

Generally predicts ns  >0 and r << 0.1.   Not in good shape with data !

Natural inflation

This model agrees with Planck + WP for f > Mp .

R   inflation
2
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joint 95% CL region for Planck+WP+BAO data; the case with
p = 4 is also in tension with Planck+WP+BAO, but allowed
within the joint 95% CL region for N! ! 50. For larger values of
r these models provide a better fit to the Planck+WP+BAO data.

A simple symmetry breaking potential

The symmetry-breaking potential (Olive, 1990)

V(!) = !4
!
1 " !

2

µ2

"2
, (38)

can be considered as a self-consistent completion of the hill-top
model with p = 2 (although it has a different limiting large-
field branch for non-zero r). This potential leads to predictions
in agreement with Planck + WP + BAO joint 95% CL contours
for super-Planckian value of µ, i.e. µ ! 13 Mpl.

Natural inflation

Another interesting class of potentials is natural inflation
(Freese et al., 1990; Adams et al., 1993), initially motivated by
its origin in symmetry-breaking in an attempt to naturally give
rise to the extremely flat potentials required for inflationary cos-
mology. In natural inflation the effective one-dimensional po-
tential takes the form

V(!) = !4
#
1 + cos

!
!

f

"$
, (39)

where f is a scale which determines the slope of the potential.
Depending on the value of f , the model falls into the large field
( f ! 1.5 Mpl) or small field ( f " 1.5 Mpl) classification scheme.
Therefore, ns # 1 " M2

pl/ f 2 holds for small f and ns # 1 " 2/N,
r # 8/N holds for large f , approximating the m2!2 potential in
the latter case (with N! # (2 f 2/M2

pl) ln[sin(!e/ f )/ sin(!!/ f )]).
This model agrees with Planck+WP data for f ! 5 Mpl.

Hybrid inflation

In hybrid inflationary models a second field, ", coupled to the
inflaton, undergoes symmetry breaking. The simplest example
of this class is

V(!, ") = !4
!
1 " "

2

µ2

"2
+ U(!) +

g2

2
!2"2 . (40)

For most of their parameter space, these models can be consid-
ered effectively as single field models for the inflaton !. The
second field " is close to the origin during the slow-roll regime
for !, and inflation ends either by breakdown of slow roll for
the inflaton at #! # M2

pl(dU/d!)2/(!4 + U(!))2 # 1 or by the
waterfall transition of ". The simplest models with

U(!) =
m2

2
!2 (41)

are disfavoured for most of the parameter space (Cortês &
Liddle, 2009). Models with m2!2/2 $ !4 are disfavoured due to
a high tensor-to-scalar ratio, and models with U(!) % !4 predict
a spectral index ns > 1, also disfavoured by the Planck data.

We discuss hybrid inflationary models predicting ns < 1 sep-
arately. As an example, the spontaneously broken SUSY model
(Dvali et al., 1994)

U(!) = $h!
4 ln
!
!

µ

"
, (42)

predicts ns " 1 # "(1 + 3$h/2)/N! and r # 8$h/N!. For $h % 1
and N! & 50, ns & 0.98 is disfavoured by Planck+WP+BAO
data at more than 95% CL. However, more permissive reheating
priors allowing N! < 50 or a non-negligible $h give models that
are consistent with the Planck data.

R2 inflation

Inflationary models can also be accommodated within extended
theories of gravity. These theories can be analysed either in the
original (Jordan) frame or in the conformally-related Einstein
frame with a Klein-Gordon scalar field. Due to the invariance of
curvature and tensor perturbation power spectra with respect to
this conformal transformation, we can use the same methodol-
ogy described earlier.

The first inflationary model proposed was of this type
and based on higher order gravitational terms in the action
(Starobinsky, 1980)

S =
%

d4x
'"g

M2
pl

2

!
R +

R2

6M2

"
, (43)

with the motivation to include semi-classical quantum effects.
The predictions for R2 inflation were first studied in Mukhanov
& Chibisov (1981); Starobinsky (1983) and can be summarized
as: ns"1 # "8(4N!+9)/(4N!+3) and r # 192/(4N!+3)2. Since r
is suppressed by another 1/N! with respect to the scalar tilt, this
model predicts a tiny amount of gravitational waves. This model
predicts ns = 0.963 for N! = 55 and is fully consistent with the
Planck constraints.

Non-minimally coupled inflaton

A non-minimal coupling of the inflaton to gravity with the action

S =
%

d4x
'"g

&
'''''(

M2
pl + %!

2

2
R " 1

2
gµ&'µ!'&! "

(

4

)
!2 " !2

0

*2
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,,,,,- ,

(44)
leads to several interesting consequences such as a lowering of
the tensor-to-scalar ratio.

The case of a massless self-interacting inflaton (!0 = 0)
agrees with the Planck+WP data for % ! 0. Within the range
50 < N! < 60, this model is within the Planck+WP joint
95% CL region for % > 0.0019, improving previous bounds
(Okada et al., 2010).

The amplitude of scalar perturbations is proportional to (/%2
for % ( 1, and therefore the problem of tiny values for the in-
flaton self-coupling ( can be alleviated (Salopek et al., 1989;
Fakir & Unruh, 1990). The regime !0 % Mpl is allowed and !
could be the Standard Model Higgs as proposed in Bezrukov &
Shaposhnikov (2009). The Higgs case with % ( 1 has the same
predictions as the R2 model in terms of ns and r as a function
of N!. The reheating mechanism in the Higgs case can be more
efficient than in R2 case and therefore predicts a slightly larger
ns. This model is fully consistent with Planck constraints.

The case with % < 0 and |%|!2
0/M

2
pl $ 1 was also recently

emphasized in Linde et al. (2011). With the symmetry breaking
potential in Eq. 44, the large field case with inflaton ! >! 0 is
disfavoured by Planck data, whereas the small field case ! < !0
is in agreement with the data.

This model predicts a small value of r with ns = 0.963

Power law inflation
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Model Parameter Planck+WP Planck+WP+lensing Planck + WP+high-! Planck+WP+BAO

!CDM + tensor ns 0.9624 ± 0.0075 0.9653 ± 0.0069 0.9600 ± 0.0071 0.9643 + 0.0059
r0.002 < 0.12 < 0.13 < 0.11 < 0.12

!2" lnLmax 0 0 0 -0.31

Table 4. Constraints on the primordial perturbation parameters in the !CDM+r model from Planck combined with other data sets.
The constraints are given at the pivot scale k" = 0.002 Mpc!1.

Fig. 1. Marginalized joint 68% and 95% CL regions for ns and r0.002 from Planck in combination with other data sets compared to
the theoretical predictions of selected inflationary models.

reheating priors allowing N" < 50 could reconcile this model
with the Planck data.

Exponential potential and power law inflation

Inflation with an exponential potential

V(") = !4 exp
!
!# "

Mpl

"
(35)

is called power law inflation (Lucchin & Matarrese, 1985),
because the exact solution for the scale factor is given by
a(t) # t2/#2 . This model is incomplete, since inflation would
not end without an additional mechanism to stop it. Assuming
such a mechanism exists and leaves predictions for cosmo-
logical perturbations unmodified, this class of models predicts
r = !8(ns ! 1) and is now outside the joint 99.7% CL contour.

Inverse power law potential

Intermediate models (Barrow, 1990; Muslimov, 1990) with in-
verse power law potentials

V(") = !4
!
"

Mpl

"!$
(36)

lead to inflation with a(t) # exp(At f ), with A > 0 and 0 < f < 1,
where f = 4/(4 + $) and $ > 0. In intermediate inflation there
is no natural end to inflation, but if the exit mechanism leaves
the inflationary predictions on cosmological perturbations un-
modified, this class of models predicts r $ !8$(ns ! 1)/($ ! 2)
(Barrow & Liddle, 1993). It is disfavoured, being outside the
joint 95% CL contour for any $.

Hill-top models

In another interesting class of potentials, the inflaton rolls away
from an unstable equilibrium as in the first new inflationary mod-
els (Albrecht & Steinhardt, 1982; Linde, 1982). We consider

V(") $ !4
!
1 ! "

p

µp + ...

"
, (37)

where the ellipsis indicates higher order terms negligible during
inflation, but needed to ensure the positiveness of the potential
later on. An exponent of p = 2 is allowed only as a large field
inflationary model and predicts ns ! 1 $ !4M2

pl/µ
2 + 3r/8 and

r $ 32"2
"M2

pl/µ
4. This potential leads to predictions in agree-

ment with Planck+WP+BAO joint 95% CL contours for super-
Planckian values of µ, i.e., µ ! 9 Mpl.

Models with p % 3 predict ns ! 1 $ !(2/N)(p ! 1)/(p ! 2)
when r & 0. The hill-top potential with p = 3 lies outside the

This model can be solved exactly but is outside the joint 
99.7% CL.
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The constraints are given at the pivot scale k" = 0.002 Mpc!1.
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Fig. 1. Marginalized joint 68% and 95% CL regions for ns and r0.002 from Planck in combination with other data sets compared to
the theoretical predictions of selected inflationary models.

reheating priors allowing N" < 50 could reconcile this model
with the Planck data.

Exponential potential and power law inflation

Inflation with an exponential potential

V(") = !4 exp
!
!# "

Mpl

"
(35)

is called power law inflation (Lucchin & Matarrese, 1985),
because the exact solution for the scale factor is given by
a(t) # t2/#2 . This model is incomplete, since inflation would
not end without an additional mechanism to stop it. Assuming
such a mechanism exists and leaves predictions for cosmo-
logical perturbations unmodified, this class of models predicts
r = !8(ns ! 1) and is now outside the joint 99.7% CL contour.

Inverse power law potential

Intermediate models (Barrow, 1990; Muslimov, 1990) with in-
verse power law potentials

V(") = !4
!
"

Mpl

"!$
(36)

lead to inflation with a(t) # exp(At f ), with A > 0 and 0 < f < 1,
where f = 4/(4 + $) and $ > 0. In intermediate inflation there
is no natural end to inflation, but if the exit mechanism leaves
the inflationary predictions on cosmological perturbations un-
modified, this class of models predicts r $ !8$(ns ! 1)/($ ! 2)
(Barrow & Liddle, 1993). It is disfavoured, being outside the
joint 95% CL contour for any $.

Hill-top models

In another interesting class of potentials, the inflaton rolls away
from an unstable equilibrium as in the first new inflationary mod-
els (Albrecht & Steinhardt, 1982; Linde, 1982). We consider

V(") $ !4
!
1 ! "

p

µp + ...

"
, (37)

where the ellipsis indicates higher order terms negligible during
inflation, but needed to ensure the positiveness of the potential
later on. An exponent of p = 2 is allowed only as a large field
inflationary model and predicts ns ! 1 $ !4M2

pl/µ
2 + 3r/8 and

r $ 32"2
"M2

pl/µ
4. This potential leads to predictions in agree-

ment with Planck+WP+BAO joint 95% CL contours for super-
Planckian values of µ, i.e., µ ! 9 Mpl.

Models with p % 3 predict ns ! 1 $ !(2/N)(p ! 1)/(p ! 2)
when r & 0. The hill-top potential with p = 3 lies outside the
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Running of Spectral Index

Allowing for the running of ns has

A negative running at 1.5 sigma. However, many 
models of inflation predict running < 0.001.

V =
m2

2
!2 , V =

"

4
!4 (1)

V = V0 !
#

2
H2!2 (2)

dns

d ln k
" (ns ! 1)2 (3)

r = 8(1! ns)
n

n + 2
(4)

!! >M P (5)

ä = !4$G

3
(% + 3p) > 0 # p < !%

3
(6)

in which & is the curvature perturbations .

In terms of quantum field theory, one has

& = ' +
H

!̇
(! (7)

!2
c > 12M2

P (8)

Mg "
M2

s

MP
(9)

1
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Deviations from Scale Invariance: Scale-invariance is ruled out near 6 sigma CL.

The degeneracy between ns and Yp and Neff :

Both these parameters affect the damping tail of the power spectrum. However if we set ns=1, we obtain 
too much baryon density and a large value of Yp which is in contradiction with other observations.
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The Shapes of  Non-Gaussianities

Consider the three-point function as

so   A   determines the shapes of the non-Gaussianity 

Shape  in DBI inflation Shape in multiple-field models
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Planck Results for non-Gaussianity

Implications for particular models

UV DBI inflation

IR DBI inflation

Curvaton model

“ The paradigm of standard single field slow-roll  inflation has survived its stringent test to date”

No detection of non-Gaussianity. 

V =
m2

2
!2 , V =

"

4
!4 (1)

V = V0 !
#

2
H2!2 (2)

!! <M P (3)

!! >M P (4)

ä = !4$G

3
(% + 3p) > 0 " p < !%

3
(5)

in which & is the curvature perturbations .

In terms of quantum field theory, one has

& = ' +
H

!̇
(! (6)

!2
c > 12M2

P (7)
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M2

s
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(8)

1
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Scientific results of Planck

• Confirmation of 6 parameter LCDM model.

• More accurate measurement of Cosmological parameters.

• Simple models of inflation are consistent with observations.

• No detection of Primordial Non-Gaussianity.

• Determination of Mass and number of neutrinos.

• Large Scale Anomalies

• CMB lensing detection

Papers from IPM cited in Planck reports: Alishahiha et al : DBI inflation

Chen, H.F., Namjoo, Sasaki:  2012
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